
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



HARVARD UNIVERSITY. 



HARVARD COLLEGE 




SCIENCE CENTER 
LIBRARY 



TRANSFERRED 

TO 

:E CENTER LIBRARY 



Digilized by Google 



y Google 



y Google 



y Google 



y Google 



EXAMPLES AND SOLUTIONS 



DIFFERENTIAL CALCULUS, 



BY JAMES HADDON, M.A., 

ARITHMKTICAL MASTER, AND SECOND MATHEMATICAL MASTER OP 
kino's college school, LONDON. 

AUTHOR OP THE RUDIMBNTART ALGEBRA, RUDIMENTART ARITHMETIC, AND 

RUDIMENTARY BOOK-KEEPING AND COMMERCIAL PHRASEOLOGY; 

POR THE SAME SERIES. 



LONDON: 
JOHN WEALE, 59, HIGH HOLBORN. 

1851. Digitized by Google 



1^ .f^- 



FxnmD BT 

cox (BSOnUIBS) AKB WTXAIT, OBSAT QUBBV STBBBT, 

LnrooLir'B-nnr vibldb. 



y Google 



INTRODUCTION. 



The Doctrine of limits is now very generally adopted as 
the basis of the Differential and Integral Calculus. 

Of the methods which were formerly in nse it may be 
advantageous to the mathematical student to glance at some 
of the most prominent. 

•> By inscribing successively in a circle, regular polygons of 
four, eight, sixteen, thirty-two, &c, sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
than that of the circle by a quantity so small as to be unas- 
signable. In this manner the area of the circle may be said 
to be exhcmsted Hence, the method which was based upon 
this mode of operation was termed the Method of Ex- 
ha/ustions. 

In the early part of the seventeenth century a work was 
published, in which all quantity was assumed to be composed 
of elements so small that it would be impossible to divide 
them. An infinite ntimber of points in continued contact 
were supposed to form a line, an infinite number of lines to 
form a sur&ce, and an infinite number of sur&ces to form a 
solid. Now, 'since a line has magnitude, namely, length, 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made up of a series of 
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IV INTRODUOnOir. • 

points. The method founded upon these suppositions is 
consequently objectionable. Cavalerius, the inventor of it, 
called his work " Geometria Indivisibilibus ;" and hence this 
method was styled the Method o/Indivmf>le$, 

Sir Isaac Newton coniddered all quantity to be generated 
by motion ; a point in motion producing a line, a line in 
motion producing a sur&ce, and a surface in motion pro- 
ducing a solid. This motion or flowmg of a point, a line, 
and a surface, gave rise to the i^vm&fiu/ents and Jluocuma : 
the quantity generated by the motion being called the JhterU 
or flowing quantity, and the velocity of the motion, at any 
instant, the Jkuvion of the quantity generated at that instant. 
The method founded upon these considerations has been 
long known as the Method of Fluxions, 

As applications of this method are continually met with 
in mathematical works;, it may not be inappropriate to give 
a few instances of its notation, compared with that proposed 
by Leibnitz, and now generally adopted by writers on the 
Differential Calculus : 

n » n 

ti, «, «, tt, ti, mnar, {(^-1)*"}'. 
du, d^Uy d^u, d^Uy d^'u, (^sina:, (^••(a^*— 1)"». 

The fluxional symbols in the first line are placed exactly 
over the corresponding differential symbols m the second. 

Leibnitz considered eveiy magnitude to be made up of an 
infinite number of infinitely small magnitudes. His mode of 
reasoning was as follows. Any quantity u consists of an infi- 
nite number of dijfferentuxla, each equal toji^A + qh^ + rh^ + ^9 
and h being infinitely small, each term in the series is infi- 
nitely less than the next preceding term, and consequently 
the sum of the terms after the first is infinitely less than 
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XNTBODUCmOK* V 

that first term. Hence ph is the only term necessary to be 
retained to represent the series. 

Lagrange, in his '' Galcol des Fonctions," endeavoured to 
simplify the subject by rejecting the consideration of infi- 
nitely small difierences and limits, referring the Differen- 
tial Calculus to a purely algebraic origin. He defined the 
differential of a quantity to be the first term of the series 
ph + qh^ + rh^ + ko. This is the foundation of his theory. 

Each of these methods has foimd numerous advocates 
among mathematicians, a fitct which excites no surprise 
when we consider the extraordinary genius of the great men 
whose names are associated with the origin of these various 
and most interesting theories. 

In our own day several highly talented men have directed 
their attention to this subject, and it seems now to be very 
generally admitted that the method best adapted to ele- 
mentary instruction is that founded on the Doctrine of 
limits. 

Among the valuable works which have recently enriched 
this subject may be mentioned those of Whewell, Hall, 
O'Brien, De Morgan, Thomson, Young, Price, and Walton, 
m our own language, and Duhamel, Cauchy, Moigno, and 
Coumot, in the French. 

Let us suppose a certain magnitude t« to be dependent 
for its value upon some vwriable magnitude x, so that the 
value of u may be represented by some expression into which 
X enters, then te is a fimction of x. We will assume, for 
instance, that u=za^, and, in this simple example, supposing 
x to undergo a change of value, we will trace the corres- 
ponding effect produced upon the function u. 
Let X take the increment A, that is, let x change its value 
▲ 2 
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in orrBODXTCTioir. 

and become a+h, then if we represent the corresponding 
value of uhj u^, we shall have 

.'. !«,— «=3ic2A-|-3ii?A2-f A^=corresponding increment of m, 

-4— =3;c2_|.3^^_|.^8— ratio of increment of function to 
n 

increment of variable. 

Now the first term of this ezpresaon for the ratio being 
da^y it is obvious that h may undef^o any change of value 
whatevw, without affecting this first term. 

Let h then continually decrease in value until it is=0, 
then the expression for the ratio will be simply 3^. 
Hence this first term is the limit towards which the ratio 
approaches as A is diminished, and which limit the ratio 

cannot reach until A=0. 

du 
Now if u=ra^, du=Sa!^'dx, —=3:2?*, where du is 

CLX 

the differenimt oi tiy dx the differmtial of a:, and — the 

CLX 

diffefrential coefficient derived from the ftmction, that is the 
coefficient of dx. Thus the limit 3ar* is equal to the differenr 
tied coefficient. 

These remarks are offered to the reader in this place, not 
only with a view to remind him of what the Method of 
Limits is, and to regard it in its connexion with the methods 
above alluded to, but also in the hope of inducing him con- 
stantly to recollect that, when he is performing that very 
common operation in the DifiTerential Calculus of ascertaining 
the differential coefficient, he is virtually seeking the limit of 
the ratio of the increment of the function to the increment 
of the variable. 
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EXAMPLES 



DIFFERENTIAL CALCULUS. 

CHAPTER I. 

DIFFERENTIATION OF FUNCTIONS OF ONE VARIABLE. 

Ex. (1.) Let u=iax. Then y-=a. 

cue 

du 
(2.) Let u=a+^a. Then ^=4. 

(3.) Let y=3aa?2+52, xhen -^=2 x 3ad?=6aar. 
(4.) Let «= vG?=^. Then — =— ^^ 

(^•) ^*«=^i:p- Then^=i '-j^z:^ — '- 

_ 8aV-8;F'+4a!» _ 8gV- iafi 



(6.) «=(l+2«2).(l+4a!8)=l+2a2+4««+8a». 
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^=4a>+ 12«2+40a!<=4« (1 + 3«+ 10*8). 



ALGEBBAIO FUNCnONS 
(7.) «=(!+*)*• (!+**)*• 

^=(1 +«)< 2(1 +«!=). 2«+(i +«y. 4(1 +«y 

=4(1 +ar)». (1 +«2). {(1 +«)«+(l +««)} 
=4 (l+ar)*. (1 +«2) {1 +«+2«*}. 
(8.) «=(a!»+a)(3«2+J). 

^=(«8+a). 6«+(3«3+6). 3a!2 
(9.) «=(a-h5;r«)* 

(10.). «={a+\/H5}' 

(11.) w=V «+ \/l-fa?2. Squaring, we have 

2m---=1H . =l-f- 






. du_ V\+x^ _ y'l^-^ 

\/lH-^4-^ _ s/x-\-^\'\-a^ 
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cs 
(12.) tt=— 7=== • Multiplying both numerator and 

denominator by Va^-{-a?+Xy we hare 

(13.). tt=(a+a?) (6+ar) (c-har). 

_=(6+^)(.+^).-i^ + (.+^)(a+^).-^^ 

+(a+i)(6+^).^^) 

-{b+a) ((j+a?)-h((?+ar) (a+a?)-h(a+a:) (6+a:) 
= Jc + 5a? H- c^ + «2 + flkJ + flw? + ca? + or^ + aft + flw? -f 6;c + a;^ 
=:3a^+2aa+2ha-\'2ea+ab+ac+bc 
=3a?^+2{a+b+c)X'{'ab+ac+bc. 
(14.). t*=(l + a?«)* (1 + a?*)~. 

_=(1 +^«.)n. J._^ + (1 +^n)«..V_^ 

=(1 -ha?«)*. »w(l +«")'*■*. «^*"* 

-h(l -ha?*)~ n (1 +a?«)*-*. wa^-* 
=wn(l +*'*)*"'. (1 H-a;*)~-*. {(1 +^)«*"'H-(1 +^)^"'-i} 
=m«(l +ar«)*-*(l +^)~"n*"'"*+^'*"'+2a?«+-^}. 
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4 ALQEBBAIC FUNCTIONS 

(15.)m= \/{a—^+ V{<?-a?fy=ia--^+{f-xi)\\\. 
d[a LV(c2_a^*\ J.J- 

b _ ■ 48 ^ 
~2x'/w 3(c2-a?)i'. 

/ 5 4a; \ 3^ 4a; 

va; va; 



(16.). w= 






x+ vT=^-a;/l - -^ ] 



a^ 



a-^+ 



vTI^ _ 1-a^+a?^ 



2a;\/r=^+l 2a<l-a^+vTi:^ 
1 



2a<l-a?2)+vn:--^ 
(17.y u=/sya+x+\/a+x-{- ^/a-\-x-^ <fec. in inf. 

tt2=a4-a;+ v a+a;+ Va-^x-^ &c. in inf. 
=a-fa;-f«. 

Digitized by Google 



OF ONE VARIABLE. 

du ^ du du - 

.du^ 1 

"dx 2u—l' • 

But Vtt^— tt=a+aj, 

1 \/4a?+4a + l ^ - /-: ^ 



(18.),tt=l + 




^14- (fee. in inf. 



• *,— 1 I * 2 g. du du ^ 

u' dx dx ' 

fg. ^.du - du \ 



MSB ' ' dx 2m— 1' 

. 1]» ^1 4a!+l 1 yj^+T 

flfe v4a;4-l 
(1 9.)^ 2 waj + a M^ __ ^3:2— 0. This is an implicit function. 

2w+2a;.-7-+2aw.-r— 2Ja?=0, u-^-x-rr-^-au- — 5aj=0, 
a« (/a? dx dx 

i , \ du ^ du bx—u 

(aw4-a;)--=-=6aj--tt, .'.^-s: • 

^ ^ (^a? (ias au-\-x , 
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ALGEBRAIC FUNCTIONS 

But V ba^—iixssiau^+ux, {bx—u) x^=.{au + rr) w, 

a««-|-a; a; ax x 

(20.). tt=:2a+£^^* ^=^ 



(21.} t«=m+n^* ZT^^^' 



dx 
du 



(22.). «=c-2a^. ^=-6a:2. 

(23.x tt=2rB2--3aj+6. — =4a;— 3. 

(24.). u=^ia?^2a?-^3x, ^=12rB2-4a:H-3. 



(25.),tt=(a+*a?)aJ». J^=:(4Jaj+3a)arJ. 



du 
dx 
du_ 
dx 



(26.).tt=^/S?T72. 



du 



dx V^iB2+a2 

(fa na:""* 






(28.). M= 



a?* du_ 2x{a—2a^) 

(29.)^tt=:{i»2+(a+a?0*}*- 

du ' X . aj 



(fa? \/aj2+ V^a+o^ 2\/a+a?2^a?2v^aH-a?^ 

(30.),aV+52a:2=«2j2 .^=1^,,^. 

dx a ^€^--01? 

,„„, a? du Sa^ 

^ ■''' "v/Cni^ dx (l-iB2)f 
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OF ONE VABIABLE, 7 



W34.) tt=: A/ ^. =— ;= y 



(35.), M=(aic8+6)2+(a;-J) V^a2-i»2. 

86 / ■, <?M 8* Sate -4*2 

(36.). w= — •a;vaa!— ar. — = — • — : • 

^ ' Za dx 3a 2Vax-aP 

■ ^TT^ rr - '^ du^ -<^{a^-2a?) 

■^ ■'' zVaia?-}^ dx 29?{a^-a?)i 

^ " (»-«)* rfaj 2 V as-a 2 V Va;_a/ 

<(39.) M=-7== — = , -f- — 

^^ ■' V^^l+a? (/a v^iB2+l.(v^^Ti+a;)2 

(40 J tt=r* .-II — • —^^.^ , 

^ *^' v/a-aj da? 6(a2+aj2)f.(a-a;)4 

/^i \ / 2 . ^ / 2 «jj\i ^^ fl^+a2a;2— 4a?4 

{il.)^u=x{a^-^a^ (a2-a^J)* — = 7=== — 

ax Va^—a^ 

(42.).tt= Y 2a;— 1— \/2a;— l— \/2a;-l--&c. in inf. 

du_ 2 

(/aj""\/8a;-3 

^43^ tt=— ^^ ^"— ^^"^"^ 

1. ^ ^* A/l-4af»' 



1-^ . . 
1 — &c, in in£ 
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l4.(l-4aj«)* 



sm^ic 



CHAPTER IL 

TfiAireCENDENTAL FUNCTIONS OP ONE YABIABLE. 

Ifu=sma;; — =cosa?. 

du 
tt=cosa;; — =--smi». 

t«=:tajia;: -r-=l4-taii2a5=sec2aj= — =-• 
ax cos^aj 

tt=cot X ; -T-= — (1 + cot^ai;) = —cosec^a: = 

du 

u=:seciv: -7-=secaj. tana?. 

dx 

du 
tf=:cosec X ; ;/"= — -cosec aj. cot x, 

du 
tt=:v. sm a; ; — =sm x, 
dx 

... du a 

u=logax; ^=-. 

ax /tf 

Ex. (1.) Let tt=sin2aj. Theii-7-=2siiia:. — r — =2siiia:.cosa;. 
^ ^ dx ax 
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OF ONE VARTABLW. 9 

(2.) u=^cosma. i.e. the cosme of the product of 
m and x. 

du dcosmx . dmx 

-_= . = —sin mx . — = — = — w» sin mx. 

dx dx ax 

(3.) M=sm ^x. cos X, 

du . , dfcosor dwc^x 

-r-=?sm^a?. ; hcosd?. ; 

dx dx dx 

=sin*a?. (— smir)+cosa?. Ssin^d?. coso? 
=3 sin^a? cos^j? — sin^d?=sm^a? (3 cos^o? — sin^a?) 



=:sin2d;(3. l—sin^a?— sm2a?)=:sm2a?(3— 3sin2d?— sin^a?) 
sssin^iF (3 --4 sin 2^1?). 
(4.) u^^tF. cosor, ^ being the base of the Napierian 
system of logarithms. 

du «. Jcos^ df«* 

_=^.— |-cosa?«-r— 

dx dx dx 

=«*. (--sina?)H-cosd7. «*=^(cosar— sina?). 

(5.) «=a?.««^^. 

dx dx dx dx 

=0?. 6^^(-.sinip)+e^^«^=e<5^8^ (1-^sinar). 

(6.) tt= — —. 
^ cos'*^? 

<i?M___cos**a?. insin*»»-iir. cosar— sin*»d?. ncos"~ ^x{--mix) 
dx coa^x 

_incos"+'a?.sin**-'a? wsin**+iir.co8"-'d? 



COS^^d? QQB^X 

f»siQ">-'a? nsin"*+*;p 



cos""" ^x cos*** ^a? 
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10 TRANSCENDENTAL FUNCTIONS 

(7.) M = cofl- "of v^l— j?2. Tiiia ig an inverse functioiL 

Putd?\/l— d;*=;2f. Then t«=cofl-';2r ; :.coau=zz; 
. du ^ du I 1 1 



dz dz smu v^l— coa^a \/l— jj^ 

1 



a/1— ic2^<,4 
dx Vl—afl 



^/r=^ vTir^ 



„ Jtt du dz 1 l-2aj2 

Hence — = — • — = . =' >. = 

Jd? dz dx v^l-V+a?* VT--^ 

1-2^ 



v^(l-ar^+a?*)(l-^) 
(8.) tt=:a(sind?— cosd?). 

--=:a (cos^+sinar). Squaring, we have 
oo? 

(J^) =a2(co82a?+sin2d?+2sina?cosa?)=a2(l4.2sind?cosir). 
tt2=^2((5082a?+sin2a?— 2 sinafcosa?)=a2(l— 2 sina?cosar). 

(9.) i^=(logaJ»)« 



(g)+.2=2a2. .•.(y=2a2»u2. ...5^=./2^Z:^. 



Put z for log aj", then M=;y"», '. ^-=:m4f«»-* ; 

_ ^ j^ ^^ nsd^-^ n 

and v^=logaJ", .•.—=—-—=-. 
^ dx a!^ X 

__ du du dz , n win (loffd^)**"* 

Hence -r-=-r-.---=wi2;'»-*«-= ^— ^ — • 

dx dz dx X X 
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OF ONE VAUTABT.H 11 

V^lT^ 



X 



X* — - — vr+? _ 

du\^ VTT^ _ a^-l-fa?g ^ -1 

dx afl'/l-i-a^ 
(11.) tt=ar6t«^~y 

logM=logdf+taJi~*a?. lege 

=:loga?+taji-*a?, v log«=l, 
^ 1-14- 1 ^ l+a^+^ 

_ l4-a?+a?^ _ gte^"'^(l-f^+a?^ ^ 



/^ « X «" (a sinir — cosar) 
(12.) »= ^2^1 



Since the denominator is constant, and since the differen- 
tial coeflBicient of e^ is a^, 

.*.—=-- — -{a««*(asinir— cosa?)+e«'(acosd?+sinir)} 

=-r — ^-la^giiid?— acosar+acosiT+sinaf} 
a-^ + 1 •" ' 

go* 

= ^*. sin a?. 
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12 TBAKSCENDEMTAL FUKCTIOKS 



(13.) tt=l0g-p ^. 

V a— V a? 



2 \/;^( v^— -s/J) (v^aH- y/i)'^2 /^(a-^r)"" V^(a— or) 
(14.) t£=a'''+'. 
log w=:c*"+'. log a, 
log (log m) =(ic2^a?) log c+log (log a). 

Put ^r—log K, then — =-=- 



log z={afl+a:) log c+log (log a), 

dz I , ,« ,v ^ . , 

— .-=:logc(2a?+l). But;?=c»*+Moga, 

dz 
''-^=^' logc (2d?+l)=loga. logtf. c'"+* (2ir+l). 

_. du dz du . , -■ 4. - . 

(15.) w=siiid? \/— 1 —cosa?. — =cosa?vdT+sinir. 

(16.) tt=cos (smar). — == — cosar siii (sinar). 

(17.) tt=sm-^-. !^=Va2Z:^. 

(18.) «=e'^«'. g=<^*.coa^. 
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OF OKE VABIABLE. 13 
(19.) t«=sm *■= s« .---=—.- jj. 

(20.) w=sm * A/ . — =—;====• 

(21.) tt=:cosaf+cos2;r+co83:r+ &c. 

—=— (siller + 2 sill 2d? +3 sin 3a? -f <fec.). 
(22.) ^=cot-(m^+a)2 ^^^ M^*^. 

(23.) t«=taii-^ a/—- 

(24.) ,.=taii-^A/^^ 

(25.) ^.= ^/^=:^^.siIl-»^. ^=:y^/lEi. 

CUV V 1-fd? 
c^_^ ^ 2 

du 
dx' 



1 



das 2A/nr^ 



(26.) w=cosec"^ma:2^ 



(27.) «*=log(aina?). ^=cota?. 



(2S) M=fiiii(bga:). ^=~cos(loga:). 

(29.) ^=log %=. ^=1 1 

du 1 



(30.) w=(log)»d?.» 



<& a loga? (log)2a? . . . (log)*-^d?* 



* This expression means the »*^ logarithm of x, not the »** power of 
the logarithm of x, hog (loga), whidi means the logarithm of the 
logarithm of a;, might be written ^og)»a:. 
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14 TRANBCENDEMTAL FUKCTIONS. 



(31.) w=logd?— log (a — v^a^— 0?^ . 



(32.) w=log^/mi-flog'v/cosar. -^=cot2ar. 



da 
dx 

^ (33.) ii=log{^+^/^^:72}+sec-»-. — = ^^!±^ . 

a dx X'vx — a 

/O.IN 1 ^v/2-fVTT^ fl?w v^ 
(34.) w=loff . — = . 

^ Vl^a? dx (\-a?)^/TT^ 

(35.) wrrar*. ^=^(logar+l). 

(36.) w=aio»'. -—= 2 — 

dx X 

(37.) w=ir^. ^^=a;^.a;'|logar(loga?+l)-hi}. 

(38.) w=a?'»i^'. ^=ir«^'(-^^+cos;r.logii?). 

(39.) u:=ze^Qosrx. -T-=e^(acosrar-- rsinra?). 

(40.) .=«--.. . |=,«,-.(^£^). 

(42.) w=e^(smra?)~, ^ =^(sm ra?)**""^(a sin ra? + mr cos rx), 

' flJr^logo: (log)2ir . . . (log)'*-% ' 

(44.) 'W=y tanic", y being a :fonction of ir. 

*"^ sec^a;". 
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SUCCBSSIVB DIFFERENTIATION. 15 

(45.) tt=^*^, z, V, and y being functions of ar. 

du « r, , dy y . dv I dz) 

(46.) u=^a;z-\-wjiz-{-azcosz, a:^=:a—acosz. K 

A 

du^/2a^ccvk 
dx^\ X / 



CHAPTER III. 

SUCCESSIVE DIFFERENTIATION. 



Ex. (1). Let u=af. 

Differentiating, we obtain the^rs^ differential coefficient, 

dx 
Differentiating, we obtain the second differential coefficient, 

Differentiating as before, we have the third, 
^=«(«-l)(«-2)««-'. 

■^=«(«-l)(«-2)(«-3)*-«. 

^=n(w-l) (n-2) .... (n-7^ )»-»•. 

It must be borne in mind that d'^u, d^u, dhb, &c. d^u are 
merely symbols ; and that dofi, da^, dx^, &c. djf are powers 
of da. 
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16 LEIBNTTZ'S THIOBEM. 



\J 



(2.) M=log^. 








du_l 


da^- 


1 


dhi 2 


dhi 2.3 




dsfi~ 


2.3.4 . 


cir*~ af^' 


- ^ , aq. 


(3.) w=a'. 






g=aog«)»a-. 


(4.) u=^ajina» 








(5.) w=«". 








(., .=j±f. 






d^u 240 



Leibnitz's Theorem, which is useM in finding the diffe- 
rential coefficient of the product of two or more simple 
functions, may be thus enunciated, u and v being both func- 
tions of d?, 

d''{uv )_ d^u dv d^^u , r(r~-l) d^v d^^u , 
"^"""''^■^*'^^^^"^ 1.2 (i^ ^F'»"^'^''- 



CHAPTER lY. 
taylob's theobem. 



This theorem may be thus enunciated. 

If u=/(jff), and d? take the increment h, 
^, ^^ (?M^ d^u ^ d^u h^ d^'u k 



dx ^ da? 1^2^ da? 1.2.3^'"<to* 1.2...« 

-f &c. 
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This theorem, written according to the notation of 
Lagrange, is 

/(^+A)=/(:r)4-/(^)A4-/'(a:) iT2"^-^"(^)r:2:3"^^^- 

In using it, if we take n terms of the series, the error we 
shall commit by leaving out the terms beyond the rfi^, will lie 

between the greatest and least values of f^\a:-{- Oh) > 

which values will depend upon giving to various values 
between (0) its least value, and (1) its greatest. 

Maclaurin's Theorem is easily deducible from this. 

Ex. (1.) Expand cos (a? + A) in a series of powers of h. 

T . . du , d^u d^u . , 

Let t«=cosar, then -r-= — sma?, ^-o = — cosor, -rn, =smir, &c. 
da dac^ dor 

^2i 

Whence, substituting these values of u, -j-> kc in Taylor's 

da 

theorem, we have 

/ . JIN • j: ^* . • ^^ . i 

cos(a?+A)=cosiP— smar.A—cosiT'r-^ + sm^T— ;r-5+ &c. 

Cor. By maJdng d?=0, we have 

"^^=^- 1:2 + 2:3:4 -*'• 
(2.) Expand sin "^ (a? + A), according to ascending powers 
^'ofA. 

Let M=sin"^a?, then — =— === = (1 —aP)"^, 
da V 1 —a^ 



dH 1 



- i(l_ar2)-#(_2ar)=^(l~ar2)-*=- 



d^ 2^ (1-0^)4 

=(l_^)-f(3^+(l-^)}=i±^. 
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18 TATLOB*S THXOBEIC. 

Whence, by substitution in the the(»rem, 

h Ifix 



sin"^(d?+A)=sin~^a?+ 



2.3(l-«!»)i 
(3.) Expand log(«+A) by Taylor's theorem. 

Wlience, by substitution, 
log(ar+A)=log«+-— ^+-^-<fec. 

(4.) If «=/(«), shovthat 

/ JT \_ du a? ^ d^u «* 
^\\Ti)~^~di'TVx da?'2{\^xy 
d»u efi , ^ 

Substituting these values in Taylor's theorem, we have 
•^V^+A/""**""^Tm'^^ '2(1+^)2 

(5.) K/(d?)=tan"*a?, and we put ^ =Biny, 
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or taii-^;r=~y, tHen, taii-Xa?+A)=tan-^ar+smy siny ^ 

Now, smce h may have any value whatever, put A=— a?, 
y being an arc in the first quadrant ; then 
tan-Xir+A)=tan-^0=0, 

/. tan-^a?=siny siny .Y+sin2y mn^ . y +sin3j^ sin^y— +&c. 

TT , cosy 

But tan-*a?=K — y> ^^ ^^*^*^^"SKv' 

/.|==y+sinycosy+^ffln2y.coB2y4.-sin3ycoi?y+<fec. 

Similarly, Pitting A=- (a: +1) = --^— , we have 

7r_ siny 1 sin2.y 1 sinSy , 
2"" cosy 2 cosV 3 cos^y 
And, putting A= — v^TT^, 

^=1+ siny +^ sin2y +- sin3y + <fec. 

Hence, by differentiation, 

^+cosy+cos2y+cos3y+&c.==0. 

These formulae are deductions of Euler's. 
Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 

(6.) Show that Taylor s theorem comprehends the Bino- 
mial theorenL 
. (7.) Expand sin(ir+A) by Taylor's theorem. 
. / ,x . A . A2 k^ 

sm(ii?+A)=sma?+cosiP-Y— sma?^-— cos^oTs"*" 
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20 maclaubin's theorem. 

(8.) Show, by Taylor's theorem, that 

1 'J 

(9.) Show that tan (a + A) = tana; + sec^jr ^ 

A A^ 

+28ec2a?tana?=--^+2sec2a?(l + 3 tan2ar)rj--5-^ + <fec. 

(10.) Htt=cot~^a?, show that 

A A2 

cot"^(a? +A)=tt-- smttsmMY+ am^w sin2u -^r — «fec. 
1 2 

(11.) If/(a?) = j-t^, prove that 

l-\-a:-\^h l + or ^f A , A^ A« . ) 

r:7i:A=r3^+^|(T3^2+(rz^3+(T3^^ 



CHAPTER V. 
maclaubin's theorem. 



This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, Uq, CTj, U^, CTj, &c. representing 

the values of u, -— , -—7, -7-r> <fec- when a?=0, 

This theorem was first given in Stirling's " linese Tertii 

Digitized by VjWWV IC 



maclaxtbin's theosbsl 21 

Ordinis Newtonianse." It ia, howeTer, generally attributed to 
Maclaiirin, and is improperly styled " Maclaurin's Theorem." 
Ex. (1.) Expand (a -fa?)", n being any number whatever, 

positive or negative, integral op fractional, rational or 

irrational 

Let tt= (a +ir)*, whence ifa?=0, U^^s^a^ 

ax 
^=«(«-l)(a+ar)— . . , Z7.=«(«-lK-». 

^=n(n-l)(n-2)(«+«)-» , J7.=«(«-l)(n-2)a— . 
Substituting these values of Uq, Ui, &c, for u, -j-y &c. 

CMC 

in Maclaurin's theorem, we have 

N- - - 1 «(«—!) « . o n(n— l)(n--2) ^, . 

4-^.9 which is the Binomial Theorem, 
(2.) Develop a'. 

Let tt= a', whence ifd7=0, V'(^=a^:=zl, 

£=•'<-• =^' = ^■ 

S=^v. '^^ = ^'■ 

S=^'''. "■ = ''■ 



♦ ^ is here put for the hyp. log. of base a, that is, for the expres- 
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22 kacl&vbin's theobek. 

Whence, by substitution in Maclatuin's theorem, 

which is the EocponeirUial H^eorem, 
V ^=loga, .'.a'=l+a?loga+^irloga)2+— (arloga)« + &c. 

When ar=l, a=H-loga+^(loga)2+2:3(loga)»+&c. 

an expression for any number a, in terms of its Napierian 
logarithm. 

If for a we write the Napierian base e, we have, since 
log«=l, 

e'=l+ar+J+^+&c. 

And, when a?= 1, 

^=1 + 1+1h-^+&c.=2-71828 &c. 

(3.) Expand tan'^o? by the method of indeterminate coef- 
ficients, 

M=.tan"^ir, whence if a?=0, ?7^^=tan"'^0=0. 

— =:j — -^=l--a?*-f-a?*— -a^+Ac., by actual division. 

But (Maclaurin's Theor. Cor.), 

g=^,+2^,f-H3^.,^+4^,^+*c. 

Equating coefiicients of like powers of x, we have 
£7,= 1, J7,=0, ?7,= ~2, Cr,=0, Cr,=2.3.4, &c. ; 
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maclaubin's theobem. 23 

I. 1. v^-^*- 2^ 2.3.4irfi . 

whence by substitution, ^=a?— ^r— ^+ ^ _ . -, ---&c. 

0^ 0^ 0? , 

:. tan-^ir=a?— - +- — y + &c. 

tan^M tan*w tan'^w , 
V tanM=a?, .*. tt=tanw 1 — ■= = — h&c., 

which is an expression for the arc, in terms of its tangent. 

By help of this and Machines Formula, we may find an 
approximate expression for the length of the circumference / 
of a circle. 

Let tana=-, A=4:a, then J. =4 tan""^- ; 



tan^is 



4 4_ 

4tana-~4tan«a _ 5 125 _ 120 
'l-etangg-ftan^g"" 6 1 TIQ' 
25 "^625 

120 
tau^-l 119 



Now tan(^~45o)=^-^-^=^^^=^, 

119"^ 

.•.^-45o=tan-^, 



\5 3(5)3 "*"5(5)5 7(7)7 +*^^-; 

\239 3(239)8^5(239)5 /' 

* This is Machin's Formula. 
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24 IfACLAURD^S THBOBEIL 

a veiy convergent series, by which, taking seven terms in 
the first row, and three in the second, we obtain 

7r=3- 141592653589793, 
which is the approximate length of the semicircle, the radius 
being unity. By taking three terms in the first row, and 
one in the second, we obtain 9r=3'1416, an approximation 
sufficiently near for ordinaiy purposes. 

(4.) Expand seed?, in ascending powers of d?. 

Pat tt=sec;r, whence ifd?=0, secx^l, Uq^I. 

■7-=secartanar, tanir=0, ^i=0. ' 

-7-2-=secir(l -f tan^^r) -f tana? seco? tand? 

=secar+2seca?tan2a?, Ui=\. 

-T-j=sec iF tana? -}-2seca?. 2tana?(l +tan^iF)-f2tan2j?seca? tan ar 

=5sieca?tana?-|-6seca?tan'a?, .... Cr,=0. 

d^x 

-— J = 5 sec a? (1 -f tan^a?) + 5 tan a? seco? tana? 

+ 6 seco?. 3 tan2a?(l -f tan^o?) -|- 6 tan'o? seco? tana? 
=5seca?-f 28seca?tan^a?+24seca?tan^a?, . . U^:=5. 
Whence, by substitution, 

tt=seca?=l 4-2"f-27374+<fcc. 
(5.) Expand cos^o?. 

Pat «=co8*d?, whence if a?=0, 006^0?=!, . Uq^I. 

du 

— =3cos2a?(— sinir)=3sin*a?— 3sina?, . . U^^O. 

d^u 

^=9sm2ii?oosa?— Scosa?, ?7*,= — 3. 
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jcaclauein's theobem. 25 

--7-r=9 sin2ir(--siiiir) -f cosiT. ISfidna? cosd?+ Sfflna? 

dor ^ 

=3siiiir— 9sm*ir+18siiiirco8?ir, ... Cr,=0. 

-— ==3 cosd?~27 silica? cosiP+ ISsiniT. 2 cosa?(--8ina?) 

+ l8cos?a:.coaa:, U^=2l. 

3a?^ 21a:* 3x^ 7a?* 
.•.tt=co8»<r=l 2-+2in "^''^^ r+"8 **=• 

(6.) Develop (l + e*)* according to ascending powers of a?. 
Lettt=(l+e')» whence if a?=0, (1+^)«=(1-|-1)« 

^=n(l + e')*-\e', U^=n2*'\ 

._=:n(l-|.e')*-V+e'.n(n— l)(l+e')*-V; make a?=0, 
J^=n2*-i + «(n-l)2»-«, Cr,=«2-«(« + l). 

^=»(l+«»)-V+«'.n(n-l)(l+«')-».«» 

+ «(«-l)(l+«»)-».«»'.2+«»».n(n-l)(n-2)(l+««)"-».««; 
make j^^O^ 

^=»2-'(n+l)+«(n-l)2-'.2+n(»-l)(n-2).2»-» 

=»(«+l)2-«+«(n-l)2-»+«(n-l)(n-2)2-' 

=n2-»{(n+l)2+(n-l)2'+(n-l)(n-2)} 

s=«2»"»{2n+2+4n-4+n»-3«+2} 

=M2'-»{n»+3«}, Cr,=n»2-»(n+3). 

Whence, bj substitution in the theorem, 
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26 JCACLAUBIX'S THEOBEIC. 

(7.) PJwethatlog<l + ^) = ar- J+j- j+Ac. 

Let tt=log(l+a?), whenoe if a?=0, C^o=log(l)=0. 
^=T— -ssl—^+d^— «*-|-d?*— &c. by actual diyision. 
But (Maclaurin's Theorem. Cor.) 

And, equating coefficients of like powers of x^ 

.•.?7i=l, 27,= -!, J7,=:2, i7,= -^2.3, t7,=2.3.4. 
Whence, by substitution in the theorem, 

log(l+a?)=^- - -f- J - ■J- + &c. 

Cor. "Writing —a? for a? we have 

gfi ^ rgA 

log (l-a?)«:-4?- ~— J - J ^&c. 

(8.) Show, by help of the last example, that 
. i X \ 1 1 1 .1 1 . 

Put =-=l+-4f, then 

a? — 1 

log(H-;*)=;r- l^+l«»_&a (Ex. 7.) 

Enters: 7 — 1= y— = 7' 

«— 1 «— 1 x—\ 

"^\^^7-\ "2 (^=1)5+3 (^=:T)5 '*'• 
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kacslaubin's theobek. 27 

(9.) If a,| and h^ respectively represent the coefficients 
of ^ in the expansions of u=f(x)y and log u ; show that 

Assume ussaQ+a^x-^a^a^ .... +a»ir*, then 

du 

— =ai+2a,i» -f «a^«»-^, 

du 1 ai-}-2a,a?-}-3a,aj* . - +na^af'-^ 

-=-.-=-i = — ^ =-r -=- — = diff. coeffi of loff u, 

dx u a^-\-a^X'\-a^or . . -^a^a^ 

Nowlog «=5o-}-5ii»+5jir* .... +h^af^ 

dx u 

__ €ti+2aoX .... 4-na^a:*"* , «, i — , 

Hence -3^^- — r -^^ — ^^-^r-=*i+25jd? . . . +w5^a?*-\ 

«e+<»i^+«i^ • • • +«m^ 

And^ multiplying by the denominator^ and equating coef- 
ficients of like powers of x, we have 

(10.) Develop sino? and cos^ in ascending powers of o^ 

'^^=^^r2:3"^T:2:3:4-^- 
^'^=^- 1:2+1:2:3:1"^ 

Vll.) Prove Euler's formuke, 

cos;r= • 



^ (12.) Prove De Moivre's formula^ 

cosma?4- v^— 1 sin9n^=s(cosj?+ v^— 1 sina?)"*. 

(13.) Prove that (tanir)4r=a?*+l««+|ir8+&a 
(14.) Ktta=sin"^a?, show that 

■^2.3.4.5.1 
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28 maclaubin's thbobsm. 

/ (15.) Develop uscotd? by the method of indetemmiate 
coefficients. 

■ 1 a? a!» 2a^ 

(16.) Prove, hj MaoUurin's theorem, that 

(l+2a^+3«2)-*=l-;r+2«»-|««+|«»-&a 

(17.) Sho^ that cofl-*=- -*- 273 - 273747-5 " *«• 

(18.) Showthat sin(a+5ir+ca^)=siiia-|-5a?cosai 

2ccosa— ft^giji^ 66<?8ina+J?cosa « 

+ ■ dr — ■ ae^ — &C. 

^2 2.3 

a^ sfi a^ sfi 

(19.) Pr«vethat^^=3-^-^-&c. 

(20.) If cofld?+sina?v — 1=«*'*^, and d? take the parti- 
liar val 
namely, 



cular value ^> prove the two formulsB of John Bemonilli, 



ir= — V — l.log(— 1), and 

''^'•"'='-i+ra(i)'-i:i5(i)"+*^ 

ImpHc^ Functions, 

Ex. (1.) Given t«*— 3tt-fiP=0, to expand u in a series of as- 
cending powers of x, 
Whenar=0, w^— 3w=0, .-.wzrO, . ♦ * . .'. ?7o=0. 

dx dx dx 6 u^—l '■ 3 
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—2 — 
d^U I da 2 U -1 



dai^- 3(tt2-.l)2-3'(«2.1)2-3(„2.1) 

2 u 






t7a=0. 



(^'-l)'S-«-3(«^-l)^.2«S 



i« 



_ 2 -gtt»-l -1 _ 2 gtt'+l TT_A 

— 9' («2_1)4 ■3(u3-:l)~ 27 («2-l)»'' *~27" 

o («»-l)«10u§^-(5tt2+l).5(«2-l)<2«^ 
d*u_ 2 ^ "^ dx ' 'ax 

■^~~27' («2-l)M 

20 -4w8-2« _ 48 2«»+tt 

-81' («2-iy 8i'(Ma-iy ^*-"' 

<i»M_ 40 22m<+19«»+1 7t_*0 

■^—243* («a-l)» ' ^'-243* 

Whence, by substitution in Maclaurin's theoiem, 

" = 3 + 3-4 + 35 + *^ 
(2.) 2u8— ud?— 2=0; expand u in a aeries of aiwendiiig 
powers of s6. 

" = ^ + 2:3 ""2^*"^^' 
(3.) «s^?=dar;showthatte=2+a:-l^+^+Aa 

(4.) tt^a?— 8M-r8iifeO ; show that t*s= —4?— oa — "oT ~**^ 

(5.) 4«»*-tt-4=0; sliowthaiitta-4-4*;i?-3(4)V— &c 

i^ 2 
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(6.) ««*— a^M+aiM?— «*=0 j show that 

ifi a^ of* , 
a^ o? or 

(7.) siiiu=arsi]i(a+f<), show that 

X iXj SI/ 

tt=r7r 4- sina Y + sin 2 a r—^ 4- 2 sina (3 — 4sm2a) — --- + <fec. 



CHAPTER VI. 

EVALUATION OP INDETERMINATE FUNCTIONS. 

P 

When the two terms of any fraction -^ contain a common 

factor, as a?— a, and the particular value a be given to a?, 
then, since x—a will be equal to 0, the fraction will assume 

the form -» and be indeterminate. 

Such a fraction is improperly termed a vanishing fiv^stion ; 
since its values may be finite, infinite, or nothing. 

When the common fiu^tor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bemouilli is to differentiate the 
numerator and denominator, s&pq/ratdy, until they do not 
vanish simultaneously by making a?=:a, and thus to deter- 
mine the true value of the fraction in that case. 

If the fraction be of the form -777 ^ and m or n be a 

Q{x—a)^ 

jpcaction, this method of successive differentiation will not 

apply, since, however often we differentiate, we shall never 

'*ininate the common &ctor, 
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INDETSBMINATE FUNCTIOKS. , 31 

In this case we may put a dt A for d?, expand both terms 
of the fraction in a series of ascending powers of h, and 
then put A=0. 

The process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the variable. 

Ex. (1.) Eind the real value of the fraction 

'SjstQ P=ax'—2acx+ac', Q=hx'—2hcx+hc', 

ax 
dO 
dx 






^j_2^ X 2 

(2.) Let tt=^ — • Knd «, when ii?=l. 

0?*— 1 

Here P^i^^tx^-^x-^ Q^ofi-X \ 

dP 



^=3^ =3 ifx=lj "'' ^ 

dx 



(3.) M= : — =1, whena?=0. 

"^ ^ x—sai.x 

— -=6'— ^* oos;r=l— 1=0 ifd?=0, 
dx 

dO 

-;^=l-cosar=l-l=0 ifa:=0, 

dx 
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32 SVALtJATIOK OP 

d^F 

— ^=:^-6^«(-sma?)— cosa?«^*.oo8a?=0 if a:=0. 



da^ 

'd^ 
difi 



=smir=0 if 07=0, 



d^F 

^=e'+^*cosii?+aiiia?«^*. cosa?— coB^d?^* cosiP 

H-«^*.2cosa?fflnd?=l4-I-i-0— 1 + 0=1 ifa?=0, 

d^Q 1 

^=COSd?=l ifi»=0, .M«=:-=s:l. 

(4.) tt=(l— a?)taii^=^^=-, when;r=l, 

OOty 



HereP=l-ar, ^=cot^». 







jr 




dx 


dx~ 


2 


make»=l, then 


* 


V 






dQ 2 

dx . „ir' 


2 

~ 1~ 


-r 


-1 3 

a- IT 
2 



(5^0 tt=7^ — -np-; ^- Find u, when 4rsa. 

Put a=:a'-hf then 

{a8-(«-A)«}iH.{a^(a^A)}i 

_ {2gA~^2}i+A 
""{3a2A-3aA24.A8}*+A*' 
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(2a)* 



'*^ A*(3a2-3aA+A2)i^.A* (3a2-3aA+A2)*+l 



Naw, putting A=0, we have «= 

,^ . tana?— sin a? 1 

(6.) w= 5 =;r» whenir=0. 



3*a+l 



rfa? _sec2a?— cosa?__ 1 1 — co^aj_ 1 — cos^j? 
^■" 3^2 "^^ 3^^?2~"-~3^ 

since the fector — 5-=! when a?=0 ; 
cos^a? 

<^P 3cos24?.sina? sina? 01 i. a . 

--- = =-— -, V cos24?=l, when ir=0 , 

d^P COAX 1 , tana?— sin^ 1 , ^ 

rf^=-2-=2' ^"""^ P =2' ^»^«'^^=0. 

^ 84? 4-2 

(7.) Knd the real value of . ^ o . q 5 when a?=:l. 

Ans. 00. 
(8.) If «=^d^=^*, when ^=0, «=1 • 

(9.) u-=—y=. > when^=a, M=3a. 

(10.) M= 5 » * whena?=a, m=0. 

^ / x^—a^ , 

,,^ cot^-|-cosec4?— 1 T. ^ 1 

(12.) «=: , r» whena?=^» m=1. 

"^ ' cot^i?— cosec4?+l -^ 

a? Sin a?— ^ ^ 

(13.) w= 9 whena;=^> ms= — 1. 

^ cos^ . -^ 

Digitized by VjOOQ IC 



Mt EVAItUATION OF 

(15.) Ifm-= a?=:l, dbowtliatl-4-a?+4f2+ ^.^-i=w. 

1 — X 



Q.m 1 _ a;« 



n 



(16.) ^=iqr^*t:r^' wiieni»=mi, «= 

(17.) «= ^ — -g— — '» whena?=0, tt=4. 

^^^'^ ^= log(l+V wlien^=0, «=2. 

(21.) tt==— =ik=±=^i when ;i?=0, w=l. 

(22.) w= ^^~— =1, wliena?=a. 

(23.) «=— » wlienic=oo, w=0. 

.(24.) u= »»g^-(l-^) , wienx=l, «=2. 
(25.) M=a?«-*=0, whenic=oo. 



1 



TT 



4 ^ TT^ 

(26.) «= » when a?=0, w=---. 

Tra? 8 

cot-^ 

(27.) Ify^— a?=0; show that when x approaches oo the 
limiting values of e~* and y are identical^ and that the limit- 
ing value of y is zero. 
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INDETERMINATE FUNCTIONS. 35 

(28.) uJ^^^. when^=0. «=1. 

^ ^ log (tan or) 

(29.) u^- z-^—: — ^= 5» wnenarssa. 

/oA\ a^—o?. irx . 4 
(30.) w= — 5— tailor-* waen ;r=:a, «= • 

^mM ^ma 

. (31.) tt= ■ » when «=a, ttssm**". 

(32.) tt= — (^-fl)(^-l)* g^ 450 ^^^^ ^^1^ 

^ (*-l)2 + Biii3(;r2_l)i 

(33.) «=€i * , wlienar=0, «=«". 

^- . . an^^ cosa? , ^ -. 

(34.) u^-^ » iFhena?=0, tfs=J. 

^ ' 1— coso? 

(35.) If the fraction -rj—^ 7-^ assume the form oo — oo 

f{x) ^{x) 

when x'^a ; show that this illnsoiy form oo -^ oo , and also 
wi 

V 



X 00 are each identical with the form ~ 



CHAPTER VII. 

KAXIMA AND MINIMA. 
ONE YAHTAHrX 



If a quantiij in^eases to a certain extent, and then 
decreases to a. certain extent, its values at tiiese limits 
respectivelj are a maximum and a minimmn. 

If it repeatedly increases and decreases altematelj, it 
has several maxima and minima. 
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3iS ' MAXIMA AND MINIMA. 

\ 

If it increases continually or decreases continually, it Las 
no maxima or minima. 

Let u=:f{x) ; then, to determine the values of x which 

render u a maximum or minimum, put g=Oor =o,and 

substitute the possible roots of the resulting equation in 

-—71* then, if -T-;T=a negative quantity, the value of x which 
dx^ dar 

is substituted renders u a maximum ; if —^=:Sk positive 
quantity, the value of x which is substituted renders u a 

TTIITllTnTITn. 

A maximum or minimum can exist only when the first 
differential coefficient which does not vanish is of an even 
order. 

If te = a maximum or minimum, then au and — are 

a 

maxima or minima. Hence, before differentiating, we may- 
reject any constant positive Victor in the value of tt. 

If t«=:a maximum or minimum, then u^iaa, maximum or 
minimum if n is positive ; but when ti=a maximum u'^ is a 
minimum, and when t£=:a mi-niTrnTm «"*" is a TnA-yiTmiTrt . 
Hence, before differentiating, we may reject a constant 
exponent. 

If «=a maximum or minimum, logt^ is a maximuTn or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex.' (1.) Eind when afi-^Sx^+Safl^l is either a maxi- 
mum or a TniniTmiTn, 

Let «=a:5— fidf^+Sir'H-l, then 

^=:5x^''20afi+l5aP, and putting this =0, 
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HAXIMA AKD MINIMA. 37 

— -=20;r^— 60;r2-|-30a?, and substituting successively 

CbXr 

the values of a?, (0, 1, 3) in this expression, 
-—-=0, from which we can infer nothing, 

-—-=20— 60+30=— 10, which indicates a maximum, 

— 3= 540 —540 + 90 = -I- 90, which indicates a minimum. 

Hence, when df=l, w=2, a maximum, 
and, when .r=3, «=- 26, a minimum. 
(2.) If w= v4a^^^2aar*, ascertain those values of x 

which make U a mft-ginrnTn or TninimiiTn, 

Bejecting the radical and the common factor ^a, put 

du 
w=2ai»2— a^, — =4aa:— 3aj2=(4a— 3a;)a;=0, 

.'.4a— 3a;=0, a;=0, .•.x=-^' a;=0, 

--— =4a— 6aj=4a— 8a=— 4a, 
do^ 

^^^ A 

-— =4a— 6a;=-|-4a. 

„ 4a , /64^^ 128^4 /64^ 

Hence x^-j makes «= ^ -^ ^= ^ g^ 



— ZL» a Tna-giTmiTn. 



_^a2 
x=0 makes «=0, a minimum. 
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38 MAXIMA AJID MI5IMA. 

(3.) Determine the Tnaxima and minima values of the 
function «=- x« 

Pmttmff M=-' we shall have t?= ' 

^ V X 

^- ^ — ^— .0, ..X- + 1, X- 1, 

dH _ 0G^:2x^{aP-l)2x _2x_2 

d^v 2 
/. -7-5= H-T' which indicates a miniTnum, 
aar 1 

d^v 2 

-— -r= — -' maximum, 

dx^ 1 

1 1 
• K=s =— » a maxmium. 

-1 1 

«=■= — =-= — ^' a minimum. 
1 -f- 1 Z 

(4.) Divide a number a into two such parts that the pro- 
duct of the nfi^ power of the one and the n^ power of tke 
other shall be the greatest possible. 

Let a, and a—a; be the parts, then 

— =a^w (a— a5)*"^(— l)4-(a— a;)*»iaf*"i 
=a3w-i (a— «)*-! { — a5» + (a— 05) w} 
=a3w-i (a— a5)*»-i {«ia— (m4-»)a5} =0 ; 

- fna 

.•.05=0, a;=:a, 05= • 

w» + « 

Or thus, log t«=m log ic+n log (a— a), 

du\ m n du 



du /am -- WJ.05 —nx\ 

dx" \ ia—nSSx } 



dxu X a— X dx \ (a—x) i 
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KAXIHA Aim HINIMA. 39 

/.— =ic«(a-a;)« . ^ . ^ =0, 

fl^o; ^ ^ (a— aj)aj 



Now the values and a may be rejected, since there can 
be no diyision of the line if a;=0 or a. 

Hence, differentiating again, and substituting in 

the second differential coefficient, we have 

— -— = — (m + «) . which indicates a TnaxiTmim, 

.•.x= and «--«= are the parts; 

m+n m+n 

(5.) If tt=sin*a;cosa?, show that 2« is a maximum when 

du 

-7-= —sin^ sina;+ cosa;3 sin^a? cosx 

dx 

= 3 sin^o; cos^a; — sin*a5= 0, 

/. 3 sin^o; cos2a;= sin^ic, 3 cos^o; = sin^jc = 1 — cos^a:, 

/. 4 cos^a;= 1, cosa:=-> ;. a;= 60°, 

-7-^ = 3 sin^o; . 2 cos a; ( — sin a?) + 3 cosmic . 2 sin oj cos a; 

' — 4 8in% cos a; =—6 sin^a cos 054-6 sin a; cos^a; 

--4sin*a? cosa;= -- lOsin^ cosa;+ 6 sinaj cos^a;. 

^ . x/3 . . 3 3v/3 

-N ow sm a?= -jr-* . . sm^a;= — - — » 

d^u 30v/3 1 6v^ 1 24 /- 
/.^= 3— ^+-^.3=-^v/3,anegativeresult, 

3^/3 13/- 
/. u =—5 — -== — V 3, a maximum, 
o J 10 
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It) MAXIMA AND MINIMA. 

(6.) Divide a number n into two such factors that the 

sum of their squares shall be the smallest possible. 

fi 
Let X be one factor, -- the other : then 

X 

^ n^ du . 2n2 

~ ar* 

/72» Q<fi2 5^2 

— ^=:2-f— 4-=2+--j-=2 + 6=+8, a positive result, 

.'. t« is a minimnm. Hence the sum of the squares will be 
the smallest possible when the Victors are equal, each being 
the square root of the given number. 

(7.) Into how many equal parts must a number n be 
divided that their continued product may be a maximum % 
Let there be x equal parts, then 

- is the magnitude of each, and 

- j is their continued product, 

log «=a5 log (- J =a; (logw—loga:), 

- — =«•( )H-logn— loga;= — lH-logw~loga3^ 

ax u \ xf 

— =m{ — 1 -flogn— logaj} =0, 

/.logaj=logn— l=logn— -loge=:log(-j, .•.a5=-* 
d^u / 1\ / , , , \du 

= ©'("" i) +<^=^'(" 3' * negative result, 

(n\* 2i 
.•.«=(-) =e*, a maxunum. 

Digitized by VjOOQ iC 



dx^' 



MAXIMA Aim MINIMA. ,41 

(8.) Show that - — is a maxiTniiTn when 35=45° 

^ ^ l + tana; 

du (1 + tana?) cosa;— sina? (1 -f- tan^aj) 

dx~^ (l+tana;)2 

cos a? 4- sin X ~ sin aj -— sin X tannic 

"" (l + tanic)2 

cos a? — sin a? tan^a? 



(l-f-tana;)2 



0, 



/.sinirtan2ir=cosa?, .tan2ir=l, tan3a?=l, .•.ir=45°. 

coso? 

d^u 3 r- 

-7-^= — J V 2, a negative result^ 

sina? I /t: 

(9.) If a be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 
mum. 

Let a? be one of the other sides, then 
Va^^a^ is the remaining side. 

And area = ^ iP w d^—a^. 

Now, rejecting the constant -^y we may take 
w = a?2 (a* — ir^^ = a^^ — a?*, 

^=2a2a7-4a^=2ar(a2--2^=0, .-.^=0, a?=-^» 
dx V 2 

^=2a2-.l2^2;=2a2«6a2=:-4a2, a negative result, 

.\te is a maximum^ and the area is a maximum when the 

two sides are each =t— =• 



E 2 
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42 ifATTifA AND MINIMA. 

(10.) What fraction exceeds its n^ power by the greatest 
number possible f 

Let X be the fraction, then u=^op'-af^, -— =1— «d!^-i=0, 

da 

V n 

--_= —« (n — l)a:*-2= — n (n — 1) • — ^^ » which is negative, 
oar in 

.'. tt is a Tnaximnm. . 1 

Ans. 




(11.) Within an angle BAC a point P is given, through 
which it is required to draw a straight line so that the 
triangle cut off hj it shall be the smallest ^ 

possible. 

Let PN = a, AN'=:h, A D — x, then 
ND^x-h, ND:PN::AD:AEov 

X — h I fl w X \ AEy .'. A JE'zr. • 

X — 

"Now aresi A DAH=r-r- AD' A E son A^^-r^' r sin^, 

2 2 x — b 

_ x^ du_ {x—b) 2x—aP _ x^— 2 hx _ x(x'-2b) __ 

.•.a?=26, 
dhi {x-by,{2x-'2b)'^i^-2bx).2{x-b) 
da^" (x-'by 

2{x'-by'^2(x^--2bx) _ 2b^ __26g_ 2 
- (of'-bf •"(or-d)*'" 6« ^b' 

a positive result, .*. the area is a minimum. 
Since AD — 2AN, .\DE=z2DP, :. the line must be 
so drawn as to be bisected by the given point P. 
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MAXIMA AVD MINIMA. 43 

(12.) From two points A, B, to draw two straight lines to 
a point P in a given line ON, so that AP-\-BP shall be a 

Let be the origin of co-ordinates, and the given line the 
axis of J?. 

Let OP=^x, and let the co-ordinates of ^ be a, 6, and 
those of -5 be a„ ft,. Then b 

A i>= V^^if 3+i>if 2= VftH (^~a)*, _LV_ 

BP=z y/BN^^ PN^^ ^h?-{-(a,^xf, 
:. u=AP'\'BP=: \^l^-\-{a;-ay+ v^ft^TCaT^^, a minimum, 
du_ x—a a,— a? _ 

a?— a a,-— d? 



v'Ff^«a)2 ^^,2^(«_^)2 

MP NP 

ap=Tp' ••• ^ ^^^=^^^- 

(13.) K the length of an arc of a circle be 2 a, find the 
angle it must subtend at the centre so that the correspond- 
ing segment may be a maximum or minimuni. 

Draw CD bisecting the arc, and let x be the 

radius, then ~= Z ACD. 

X 

Now area segment A Z>j5= sector A CB-- A A CB 

=- radxarc— -x^maACB 

1 , . .. ACB ACB 

22 La 




•2 • ^ ^ 
:, M=air--dr sm - cos -> 

X X 
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du 
dx 



^a—a!^ fidn - { — gm - ) ( ) — d?^ cos - cos - { — -r-) 



„ . a a 



=a— asm^ — j-^cos^ a?2sm-cos- 

X X XX 

=a— a+Sacos-* a?2siii-cos- 

X XX 

=2 cos - ( a cos 07 sin - 1 =0. 

x\ X xi 

Take cos~=0, /.-=-» j?= — * and the segment is a ~0 
X X % -K 2 



Take a cos - = ar sin -' 

X X 



0? 

(14.) Within a given circle to inscribe the greatest isos- 
celes triangle. 

Let radius OA=za, AB:=:AC=x, -SC=2y, ^ 

AB^AC'BG a^y 





mATITYIIITn 

. a 
sin- 










X 




a 


a 






tan 








a 




X 


X 




cos- 










X 









and U = TnimTniim . 



^/>=y. Then A = 



Also A = 



iAO 2a 

BC'AD BC'^AB^^BL^ 




2 



2 



=y^/^2lip, 



x^:=^d^aP—^a^y^f ia^y^^^ia^a^^X^, 2ay=.xvia^'—a^, 
:.y=^xy/ia^^x^, 
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MAXIMA AND MINIMA. 45 

Now A = •— !c^yz=:—- a^.—.x v^4a2— a?^, a maximiim. 
2a 2a 2a 

Put w=ai«(4a2-.;r2)=4aV-d^, 
^=24aV-8aj7=0, /. 8aj7=24flV, 

^(7=:2y=-.aV^v/4a2-.3a2=a\/3, and A is equilateral. 

(15.) Of all equiangular and isoperimetrical parallelo- 
grams, show that the eqmlateral has the greatest area. 

The perimeters of the figures being all equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. " To divide a given 
straight line into two such parts that the rectangle contained 
by those parts shall be the greatest possible." 

Let a be the line, x one part, then a— ^ is the other, 

x{a'-x) is the rectangle, and u=:aa—a^, a maxiTnum. 

.". the line must be divided into two eqrial parts, and the 
parallelogram will be equilateral 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, a the vertical angle, x and y the two 
sides, then u =ra-|-a?4-y=a maximum. 

2co8a'a?-7--|-2ycosa=2iF4-2y-^; — j:cosa4-ycosa=a?— y, 
aa ax 

:. — (a?— y)cosa=a?— y, .'. ^r— y=0, 

.'. d?=y, and the A is isosceles. 
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(17.) The segment of a circle being given, it is required 
to inscribe the greatest possible rectangle in it. 

Let BA D be the segment, radius = a, ^^^J^ 



AM=^x, draw ^C through the centre per- /j 1 | \ 
pendicular to PM or BD, Let AC=^h, 

Then PM^^{2a-'x)x, Euc. B. iiL p. 35. 

:. PMz=: ^/^ax-a^, MC- b-x. 
Area rectangle =:MC'2PMz=z2{b'-x)^/2ax^^, 
Put u=:{b-'xy'{2ax-x^, 
^=:(i->p)2(2a-2ar) + (2aF-«2).2(6-;r)(-l)=0 

.'.(b—x) (a— a?)=2aar— 0^, ab—ax—bx'\'^=^2ax—x^y 



2x^--{3a'^b)x=-ab, x^- 



^a-^-b ab 






*X' 



2 2 



4 
(18.) To cut the greatest parabola from a given right 



Let BD^a, AD^b, BG^x, GD^a-x, 
Then •.• BN'DM is a circle, and MG—NGy 
:. MG^=^BG' GD, MG=z ^x(a-x\ 
MN=:2'^ax-(fi. 



Also BB : AD :: BG : PG, :.PG= 




BD "a 

2 2bx / 

Area parabola=-P67-JO^=- — '2^(1x^0^, a maximum. 

Put u=^a?{ax^a?)=^a^—x^y 

~-=3air2— 4a^=0, :Aa^=^^aa^, x^^-ra. 

dx '4 

-7-5= — - a^, which mdicates a maximum. 

OiT 4 
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(19.) Within a given parabola to inscribe the greatest 
parabola, the vertex of the latter being at the bisection of 
the base of the former. 

Let BA C be the given parabola, L its latus rectum. /T^ 

AD- a, BD=:h, DN:=zx, Pir=y. 

2 2 

Area parabola =-.2Pir.ir/>=-.2yir. 

O u 

Now •/ the square of any ordinate to the axis = the rect- 
angle under the latus rectum and abscissa, 

. .\f^L*AN^L{a-x), h^^L'AD:=iL'a, 
y^ a—x b / 

l>^ a \/a 

:, area parabola = -=.x^ a^x. 

Put u=:a^{a'-'x) = aa^—a^, 

^=2a;r-3ar2=0, .\3x^=2axy ^=|a. 
ax o 

(20.) Inscribe the greatest cylinder within a given right 
cone. 

Let^JJCbethe cone, AD=^a, BD=zb, DN^x, PiV=y, 
^i\r=a— or. 

Volume of cylinder =j.(2Piyr)2. NB^inf^x. 



BD 
AD : BD :: AN : PN, :.FN=:^—^.AN, or 

y==- {a—x), .'. cylinder =7r • ~ {a—xYx. 

Put u=^{a'-'xyx=a^x—'2aa^-{-a^, 

^=a2-.4aar+3d:2=0, ;. 3a^-4ar=: -a^ 
ax ^ 

hi a\ 2 , ,. ^ 452 a 47rfl«>2 

^=ar-3) = 3^' ^^^^^=^~-3="l7" 
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(21.) If the volume of a cylinder be a, find its form when 
its sur&oe is the least possible. 

Surface = convex snr&ce + 2 area of base 



Volume =a=-BC».y-^'8=T«y'. •■f=—~ 
4 4 jjy* 

Hence «=,.-^jy+^y»=^+|y», 

, 64«» 64a« 4a 

or altitude = diameter of base. 

, d^u Say Sa ^ . . , 

-r-o= — T +ir=— 5+x=H-3t, a positive result, 

dy' y^ !r 

.'. the surfiekce is a minimum. 

(22.) The latitude of a place and two circles parallel to 
the horizon being given ; to determine the declination of a 
heavenly body, whose apparent time of passage from one 
circle to the other shall be a TniTiinmiTn 

Let P be the pole, Z the zenith, Sy 8^ the positions of the 
heavenly body on the parallel circles, the polar distances 
PSy PS, being equal, 

Z ZPS^P, ZPS,=zP^, polar distance PS or PS,=x, 
axe ZS==a, ZSt=za,, latitude =/, declination =8 ; then 
'.* the passage along the arc SS, is the shortest possible, 
/. the angle SPS,=: a minimum, 
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,dSPS.^ d{P,-F) ^^ .dP,J_P^ 

" dx dx ' " dx dx 

^ dP QotS dP, cots, 

X>Ut -7—= : > — ;— = ; 1 

dx sina? dx sm.x 

cotS cotS, , ^ ^ 

smor esmx 

„ sin /— cosa cosiT „ smZ— cosa.cos^ 

Agam cos S= : : » cos S,=- — : r^ » 

° sinasina? sma.sma? 

sinZ— cos<i cosa? sinZ— cosa, coso? 

•*• : = : * 

sina sina, 

cos-(a.-l-a) 

cosa?= -smZ. 

cos^(a,-a) 

And •/ the declination is the complement of the polar 

cos-(a,-f«) 
distance, .*. sin^= •sin/. 

cos 2 («,-«) 

Cor. If «=^' and a,=— -f2J, this expression becomes 

sin3=— tan</sinZj and if the heavenly body be the sun, 
and 2(^=18® nearly = his depression below the horizon 
when twilight begins in the morning or ends in the evening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9° : — sin^, where 
the negative sign indicates that, if the latitude be north, the 
declination will be south, and vice versa, 
' ' (23.) The centres of two spheres (radii r^, r^ are at the ex- 
tremities of a straight line 2 a, on which a circle is described. 

p 
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Find a point in the circumference from which the greatest 
portion of spherical sur&ce is visible. 

Let X and' y be the distances of 
the point from the centres of the 
two spheres; draw tangents JSA, 
JSB, ED, EF\ join AB, DF, 

Then, of the sphere (7 the portion 
visible. is the convex surjfisice of the 
segment A HB S, whose area = height HS x circumference 
of the sphere. 

Now a? : ri :: ri : CS^ :.CS=—> .'.height of segment 

OP. 

=ri ^=iffS, circumference of sphere=27rri, 

:.2'rri(ri ^J=visible portion of sphere G; and similarly 

2irrjf r, ^J=visible portion of sphere c. 

Hence 27r] rJri ^j +rJr^ —j v=whole visible sur&ce. 

Put tt=ri2- !1 H- rg2-. !i, then 






'1% V^__ 

dx x^'^ y^ ^' 'V f dx' 

But y= yj^Si:^, .•,^= — ^ 



Hence 



ri'__ ra* X r}x 



a? 4a2-.ir2 '/4a2--r2 (4a2-.a;2)* 

4:d^r 2 
4aVi2— riV==^ 2^ ^— _^ — L_ , 

ri2+r,2 
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(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals are 2 m and 2n, show that the greatest is 

that whose major and minor semi-axes are — = and — ^z 

respectively. 

ABCD the rhombus, 00=:m, OB—n, 
a and h the semi-axes of the ellipse. 

Let ON=:x, NF^y. Then by the 
properties of the ellipse 




00 -01^= 


A 


OB.NP= 


=J2, 


or »»■ 


'X=a\ 


w 


.y=J2, 


.•.mV= 


=«». 


«^, 


nY= 


=J2.J2, 


«2 


„2 


*2- 


J2 




a2 


+n2 


=1; . 


• • (1), 




where a 


and i alone 






must be considered as variables. 

But, area ellipse z^irdb^ a maximum. 

Eejecting the constant tt, and differentiating this and 
equation (1), we have 

da m* «2 ^^ 

»2 a*" ' «i2""n2 . m^ "" w^ ~ ' 
a 1 h 1 . m . n 

(25.) K M=d?*— 8a!34.22a?— 24a?+ 12, find the values of a? 
which render te a maximum or a minimum. 

Ans, When a?=3, t^ is a minimum, 

a?=:2, t« is a maximum, 

0?= 1, t< is a minimum. 

(26.) Find when a?—6a^-\-9a-\-lQ is a maximum, and 

when it is a miniTmiTn, -__ o • 

wMcii *v « a, i**i«*uxu*i*, -WTien a?=3, te is a nummum, 

dr= 1, 2« is a maximum. 
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(27.) Find the maxima and minima values of the fdnction 

When ar=-x-» w is a minimmn. 
oa 

l^ . 
3a 

(28.) w=7 rs* ascertain when « is a maximum and 

(a — xf 

when a TniTiimnTn, a . . 

When 0?= —a, «= — ^» a muumum, 

ir= -^a, M=GO , a maximunL 
1 
(29») u-=.$f\ find when t^ is a maximum. 

a?=«=2 -71828 &c 

(30.) tt=7 Tr4* determine when « is a maximum and 

when a minimum. a?= —2, m=go , a maximum, 

ir=0, W=6f, a miTiinrmTn 

(31.) tt=a?4- va2_25^_|.^. -^hen is m a maximum 1 

When a?=;rr> m=— -|-5, a maximum. 

(32.) «= — i show that m is a minimum 

when ir= a/ — - — • 

(33.) «=secir4-coseCiF; show that w is a minimum when 

IT 

(34.) In a given triangle to inscribe the greatest paral- 
lelogram. 

AviA. Side of parallelogram = \ side of triangle. 

(35.) A column a feet high has a statue on the top of it, 
"^ height firom the ground to the top of the statue is h feet ; 
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find a paint in the hoxizontal plane at which the statue sub- 
tends the greatest angle. . /-t-^ , ^ ., , 

^ ° Ans. w ab feet from the base. 

(36.) Show that the difference between the sine and 
versed sine is a Twa-YimnTn when the arc is 45°. 

(37.) Let A and BD be parallel, and join -^\ 
AD\ it is required to 'draw from G a straight 
line so that the triangles EOD^ JLOG together 

shall be a miTiinmiTn. 

Let^(7=a, AI)=^h, AO^x\ thena?=VT. v « 
(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a maximum. 

(39.) A £u7ner has a field of triangular form, which he 
wishes to divide into two equal parts by a fence j find the 
points in the sides of the field from which he must draw the 
line, for his fence to be the least possible expense to him. 

Aim, Ka, &, c be the sides, the distance of each point 

from the angle C is \/ —t and the length 




\ '-1. 



of the fence is ^<£Zf +i|f±fzi). 



(40.) If the greatest rectan^e be inscribed in an ellipse, 
the greatest ellipse in that rectangle^ again the greatest rect- 
angle in that ellipse, and so on continually j show that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 
, (42.) Inscribe the greatest ellipse in a given isosceles 

Ana. Major axis =^ altitude of triangle. 
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54t XAXmA AKD MINIIIA. 

• (43.) A tree, in the form of a frustnmi of a cone, is 

n feet long^ and its greater and less diameters are a and b 

feet respectively ; shew that the greatest square beam that 

net 

can be cut out of it is 57 rr feet long. 

oya — 0) 

(44.) Describe the least isosceles triangle about a given 
circle. The triangle is equilateral 

(45.) To inscribe the greatest right cone in a given sphere, 
whose radius is r. 

f 
Distance of base of cone from centre of sphere =-• 

o 

(46.) If the polar diameter of the earth be to the equato- 
rial diameter as 229 : 230 ; show that the greatest angle 
made by a body falling to the earth, with a perpendicular to 
the surfeoe, is 14' 58", and that the latitude is 45*^7' 29". 
See &g. ex. 9. page 84. 

(47.) In a parabolic curve, whose vertex is A, and focus 
S, find a point P, such that the ratio A F : SF shall be a 
maximum. AF : SF :: 2 : ^/3. 

(48.) Inscribe the greatest parabola in a given isosceles 

Altitude of parabola =2 altitude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed ; show that, when a maximum circle is 
inscribed in the triangle, the area of the triangle is r^. 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Required the maximum and minimum values of u 
in the equation w*— o2a?-|-^=0. 

£CO§M 

* (52.) tt= — — i find the maximum and minimum values 

^ ^ C0S"d7 

of «. 
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(53.) Show that the greatest paraboloid that can be in- 

2 

scribed in a given right cone is ^ of the height of that cone. 

o 

(54.) tt=d?^">««*; show that when « is a TnaximiiTn, 
loga?=^. 

(55.) Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantity of fluid, 

(56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

(57.) If a tangent to a great circle of a sphere measure 5^, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show that the volume of the sphere is to 
the volimie of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of w make (^—2) {a +3) (5— ar) a 
maximTmi or minimnTn^ and distinguish the one from the 
other. 

(59.) Inscribe the greatest cone in a given hemisphere 
ABC, the vertex of the cone being at A. 

For other examples and solutions see chap. xL 



IMPLICIT FUNCTIONS OP TWO VABIABLES. 

If u=:f{a, y), u being an implicit function of the two 
variables a and y, by putting -7- = 0, we shall find the 
values of ^ which render y a maximum or minimiim. 

By substituting the particular value of x in f -r-^ "^ T") ' 
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56 MAXIMA AND MINIMA. 

if the result be podtiye, y will be a maxiTnum ; if negative, 

a tniniTmiTn . 

Ex. (1.) Let w=ar^— 3a^irH-j^=0 ; determine the maxi- 
mnm and minimnm Yalues of y. 

Differentiate with respect to x^ considering y constaiit. 

-7-^= 6 X. Differentiate the given function with 

respect to y, considering x constant. 

---=3y2. Substitute the values of d? in «• 

dy 

a8-3a8H-y»=0, .•.y»=2a8, y^aVl, 

-a»+3a?H-y»=0, .•.j^=-2a8, y=-aV2. 

^^K . dl^u \y ^x 6a . V2 
;rj ;. r--¥-= = 5=H > a positive re- 

suit, :*y^^a V2 is a TnaYimuTn. 

da ^2^ J(y 6^ -6a V2 

^ '^^-ss:^ = 5= > a negative re- 

A^ di^ rf\ 3^8 3a2.2» a 

suit, .'.y = —a v^ is a minimuTn. 

(2.) ttsra?*— 3afl!yH-y*=0 ; show that when iF=0, y=0„ 
a miTiiTTiuTTi ; and when a?=a v2, y—avi, a maximunu 

(3.) 4dry — y*— a^=:2 ; show that when a?=i +1 or — 1, 
y = -f 1 or — 1, neither being a maxJTnum or minimuni. 

(4.) y2— 3= — 2 0? {xy H- 2) j show that when d?= 1, y =^— 1, 

neither a maxiTnum nor a minimum ; but when ir= — - » 
y=2, a maximum. 
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CHAPTER VIII. 

FtJNCTIONS OF TWO OR MORE VARIABLES. 

If u'='f{^y y)y X and y being two variables independent 
of each other, then 

d^u ^ d^u d^u __ d^u d^u _^ d^u 

dy da" dxdy dy^ dx~ dx dy^ dy da^ "" dx^ dy 

In a function of any number of variables, the order of 
differentiation is indifferent. 

The total differential of two variables is equal to the sum 
of the partial differentials ; or if us=if(x, y), 

''''=©^*+©''^- 

dmf^ daf^'^dy 

d^u 
Ex. (1.) Let u=a^y^ ; find du, and 



dxdy 

To find the partial differential coefficient [-j-)f consider 
y constant, and differentiate with respect to x ; and to find 
(— ], consider x constant, and differentiate with respect 
to ^. • 
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To find ■ - or -z — ;-> differentiate (-7-) considerinir x 
dydx dxdy \dxl ^ 

constant, or differentiate r -7- j considering y constant. 

rfM= l—\ da+ (—] dy=:3a^y^da+2ya^dy 

=^a^t/{Syda+2xdy). 

d^u o o -2 fl^ ^^" 
—--=3 X 2ya*=6a;V=T-7— 
dydx dxdy 

d^u _ {a?-y^^*%xy-ixy^.2 {x^-y^ {-2y) 
dydoT (^-y2)4 

_ Say {a^—y^-\- l^a^ _ ^a?y + 8d?y* 

{a^-yy^dxdp^ 

(3.) «=Bin"^ - : find du^ and , , > 

1 <?w 1 

sm«=-ir, costt-r-=:-> 

• &\^ ^ ^ J: ^ ^ 

••Wj 5^cosa yv'l-sin^M ./I ^ 

'1 1 



yV2^ V^/-*^ 
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Again sm«=-> consider x constant. 

du X 

COSM.— = -zy 

dy f 

Hencerfe*=(J)ia;+(g)^5. 

__^ 1 X . ^ ydx—xdt/ 



(4.) tt = - ^ o ^ find ^«*> and show that 
^ ' a^ — z^ 



dhi 's/y*^—o^ ^ -—y ^ d^u 

dydx y^—x^ {t/^—3i?)i dxdy 

x^y . 

d^u _ 2dr __ d^u d^u ^ ^xyz _ d^u 

dxdy" a^—z^"^ dydx dxdz'^{a^—z^ydzdx 

d^u _ 2x^z __ d^u ^ ^^ 
dydz'^(a^—'Z^ dzdx 

d^u _ 4:xz '_ d^u ^ d^u 
dxdydz^ {^—s^f" dzdyda^ dydxdz 

First differentiate considering y, z constant ; then consi- 
dering x^ z constant ; and lastly considering Xy y constant. 

du^ 2xy rfM__ sfl cfM_^ 2a^yz 

doT'a^'-'Z^ dy^a^—z^ dz'^ia^'—z^Y 
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60 FUNjCTIONS OP TWO OR 

Now -=-= ., ' » Consider a?, z constant, and differentiate. 



du OD^ 



dxdy a^—z^ 
Consider z constant, and differentiate. 



d^u _ 2x d^u _ 2x _€pu 

dydx" <j^—z^ dxdy'' d^—z^^dydx 

Again -y- = ., ' ., • Consider a?, y constant, and differentiate. 
^ dx a^—z^ ^ 

d^u __ — 2xy'{—2z)^ 4:xyz 



du 2x^yz 



Consider y, z constant, and differentiate* 



dz (a^--z^^ 
d^u __ 4:xyz -rx d^u __ ixyz _ d^u 

dzdx~~{a^—z^^ dxdz''(a^—z^^~~dzdx 

Again -7-=-o «• Consider x constant, and differentiate. 

° dy a^—z^ 

(Pu _ '-x^*{-2z) _ 2a? z 
dydz" {a^-z^y ""(a2-;^2)2' 

-7-= / o «vo • Consider x, z constant, and differentiate. 
dz {a^—z^^ 

d^u 2cfiz ^ d^u 2cfiz d^u 

Hence • 



dzdy {a^—z^^ dydz {a^—z^^ dzdy 

Now , , = -5 o • Consider a?, y constant, and differentiate. 

dxdy a^—z^ 

d^u _ — 2a?(— 2;g) _ ^xz 
dxdydz" {a^-zy ''{a^-^zY 

- - = 7-5 — ^ • Consider y, z constant, and differentiate. 
dzdy (c^^z^ 

d^U 4:XZ 



dzdydx (a^^z^ 
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ConEdder or constant, and differentiate. 



dxdydz" {a^-^z^^ ''{a^-zy* 
d^u AiXz d^u d^u 



Hence 



dxdydz {a^^z^)^ dzdydx dydxdz 

(6.), uzi^a^y^ ; find du^ and show that 

d^u « d^u 

dydx dxdy 

(8.) , tt=a?y ; du^^y f-dr+logo? dy\ , and 

d^u __ /I V - \ __ cPw 
dydx^ \x X )~~ dxdy 

/Q\ — • ^- <f^^ _2 . a?^ ^__ d?u 

^ ''' " y^ dydaf^i^ y y^ y" dx^dy^ 

^10.) tt=ysiniF+^siny; show that 

d^u d^u 



dydx ^ dxdy' 

(11.), {«=sm {x^y) ; show that 

^=2^{cos(^y)-a;2^sin(^^)}=~ 

(12.), u=zrr^^ i show that 

"^ ' 2x+z 

d^u _ 2d? __ rf*M __ <f^M 

dz^dy" i^x+zY^ dy dz^'^dzdydz 

d^u _ 2y{z^ix) _ d^u _ d^u 
dxdz^^ {2x-\-zy "^ dz^dx^ dzdxdz 
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62 EULEB's THEOBEIC. 

(13.) M=— i^; find ill, and show that 

0(^6^ (a? +yy dxdy 

(U.) w={(a-;r)2H-(6-.y)2H-(c-.;2r)2}-*; show that 

(15.) w=sin"^ =- f find iw, and show that 

d^u 1 4^1^ 



<]?y fl?^ y* (2 a? — y) S (ia?</y 



^ ^2 

(16.) ti=sin"^ g ^ show that 

2 ,, ,, rf2j, 2(^-^2) ^2j, 



CHAPTER IX. 



euleb's theorem for the integration of homogeneous 
functions of ant number of variables. 

If tt he a homogeneoTis algehraic fanction of n dimensions 
of any nmnher of variables x, y, z, &c., then 
du du du 

Ez. (1.) «=^-4^ ; here n= - 1 

«+y 2 

du_ Ja!+y) ' ^ a;-i—{xi+yi) du_ {x+y) .^y-i-{a;i+yi) 
dx {x+yf ' dy- («+y)2 
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(X — y\\ \//p — y 

(2.) tt=sin"M— --^) : nere«=0. siim=— ?= > 

> 1 > 1 



<?« 2va?— y 2virH-y 

_ y 



Similarly 



dx V^.(irH-y)'/a?— y 

dy s^y{x-\-y)^x-'y 

du du xv—xy 

:.x — hy — = . — — y =0. 
(^ Jy v2y{x'\-y)vx—y 

(3.) wrs^/ar^+y^j here«=l. 

(4.) u=z{x+y-]-zy; liere«=2. 

du du du 

dx ^ dy dz^ 

iX/V du du 

(5,) u=z— — ; here n=3. x-T-+y-r=^^^* 

x+y dx ^ dy 
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CHAPTER X. 

ELIMINATION OP CONSTANTS AND FUNCTIONS BY 
DIFFERENTIATION. 

Ex. (1.) Let y—aa?-\- h =0 ; eliminate the constants a and h, 

ax dx 2x 

Substituting this value of a in the given equation, 

dv X 
y— -f-"s+^=^0, an equation fix)m which a is eliminated. 
cue J 

dfi 
To eliminate h, take the equation -^=2ad?, and proceed 

to the second differential coefficient. 

^=2a. Buta=*^.l, 

dx^ dx 2x 

.•.-74=-r-*-» an equation from which a and b are 

€br dx X ^ , 

both eliminated. 

(2.) j^—ax^bx^^zO ; eliminate a and b. 

2y^:=a-{-2bx, .•.a=2y^ -26a? (1) 



Differentiating again, we have 



(2) 



Substituting from (1), (2), the values of a and b in the 
given equation, there results 

y2=2^|-^yg-^(|)' an equation from 

which a and b are eliminated. 
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(3.) Ify=asina?+6sm2d?; Tl+5T^+*y=0. 

wP* dor 

^=:a cosiP+2^ cos2dr, w^~ ""^ sma?— 46 sm2ir, 

-rr:= —a cosd?— 86 cos2a?, 



-r-i=asinir+166 sm24& 

o •v:i=— 5a sma?— 206 sin2ir, 
oar 



•S^»S-'-«- 



4y=4a sma?+46 siii2a?. 
(4.) y=a;*+a«"»*; eliminate a. 

ax \dx / WW"** 

Substituting this value of a in the given equation, 

dy 
First, consider y constant, and differentiate with respect to a;. 

£=-f(-|)/'©+^©-(5)-5/©+'''-w 

=?/'©+^»"W- 
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AgaiD, ^(-) +i>{^)' Consider a: constant, and differen- 
tiate with respect to y. 

(6.) Let y'=^mofi ; eliminate the constant m, and show that 
(7.) Let y=^ 's/mx-\-n ; eliminate m and «, and show that 
(8.) Let a+<?(<?^— y)=0 ; eliminate c, and show that 

(9.) Let iT^H — -v2=— . eliminate the constants a and 5, 

and show that a?y ^+^ (-7") —^ ■t^=^« 

(10.) Let (a— l)(a?4-y) — ^ + « = j eliminate a, and 
show that y^+y+1 +(0^2+4?+ 1)^=0. 

Digitized by VjOOQ iC 



BY DIFFEBENTIATION. 67 

(11.) Let ctanwid?— ysecwM:4-a=0; eli]nizifl.te a and c, 
and show tliat -r^ = — m^v . 

(12.) Let y =«* coso? ; eliminate the circular and exponen- 
tial functions, and show that y=3^ "" o "JZo* 

ax A dor 

(13.) Let y=n cos(ra?-}-a) ; eliminate a and «, and show 

(14.) Let y = sin (logor) j eliminate the functions, and 

show that ^ -T4+a?-/+y=0. 

aar ax 

(15.) Let y = a0^siQ(3;ir+5); eliminate a and &, and 

show that ^-4^ + 13y = 0- 

dsir ax 

(16.) Let (4?— a)2+(y— /3)2=r2; eliminate a and /3, and 

show that T9 — 5 — =r2. 

\da^) 
(17.) Let y=-r ;; eliminate the exponentials, and 

show that y2— 1 — j*l . 

(18.) Let j^ = 0(4?2— y2j . eliminate the arbitrary 

function 6, and show that y-7-4.a?^-=mj2r. 

^ ^ dx dy 

1 y 

(19.) Let -a?;y=^-; eliminate the function 0, and show 



,- . dz dz ^ 

that *5;+y^+*=0. 
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(20.) Let ^=^?- j eliminate the function 0, and 



-a a?— a 



show that (y'~^)l^'^(^""y)5I^^~'*' 



CHAPTER XI. 

MAXIMA Aim MINIMA. 
FUNCTIONS OF TWO OB MOBE VARIABLES. 

If te be a function of two yariables x and y^ then putting 

haying both the same algebraic sign, u will be a maximum 
when that sign is neg(Uwej and a TninimuTn when it is 
positive, 

li^ on substituting the particular values of x and y, de- 

dii du 
termined by putting -t-=0, ;t-=0, in the second differen- 
tial coefficients, these should vanish, then the third diffe- 
rential coefficients must also vanish, or the function will not 

be a Tnn.YiTnnTn or TniTiiTnnm. 

If tts=/(d?, y, z), then we must put x"^^' T"^^' 

-7- = 0, and we must have the condition fulfilled that 
dz 

(d^u d^u f d^u \^) fd^u d^u ( d^u \^} 

\d^'d^^^\I^) f'Xd^'^^Kd^) j ^"""^^ 

fd^u d^u _ d^ d^u v^ 

\dydz dut^ dxdy dxdz) 
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TWO OR MORE VARIABLES. 69 

Ex. (1.) Let t«=^+y*— 4iw^ j find x and y when u is 
a TnA-ginrn-m or minimum. 

Differentiate^ first considering y constant, and then 
X constant. 

^=4a^^4ay2=0, $^=43/8-80^=0, 

ax ay 

:,gfi^ay^y y^^2axy sfi^^a^x, cfiz=z^a\ 
.•.d?=±a^/2. y2=2a2-/2 =02^/8, .".y^aVs. 

^=12a^2=24a2, 

^=12y2-8(M?=12a2-/8-8a2v/2=16a2y2, 
'^^"-=-8ay=-8a2y8, 



" T^'T-7> ^ T > ajad smce the algebraic sign of 
dx^ dy^ dxdy 

y-g and — ^ is positive, a?=±a V^, and y=a±. v8, give 

t«=r a TniTiirrmTn. 

d^U 

If we take the values x=:0, y=0, then ;7-2=0> *^<^ 

J2w 

---r=0, and also the third differential coefficients 
dy^ 

d^u d^u 

Hence also ^=0, y=0, give ««= a TniniTnum. 

(2.) To determine the greatest right cone that can be cut 
out of a given oblate spheroid. 

Let ABDE be the ellipse which generates the spheroid, 
a, h its semi-axes, C^=^x, I^F=y=i radius of base of cone. 
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Then y®=-2(«^— ^, equation to 
ellipse ; and 

V altitude of cone ^zANzrza-^x, 
and 7r^= area of base, 
.'. its volume v = J iry^. {a + a?), a maxiTmiTn, 
/. y\{a-\-x)=^ a maxiTnum, 

-^a^—a?. But, differentiating the 




equation to the ellipse, y=— v a^^^^ ^^ hove 



dx a Va^— ^c^ 

.-.=... .-..4 .■.^=l-'44v. 

Hence v=j^y2. («+a?)=2y7r52~=-^-^^aft2 

(3.) Let t«=;F*+^— 2(a?--y)2 ; find the values of x and y 
which render u a maximum or miTiiimiTn. 

g=4;r»-4(x-y)=0, .•.«»-(«-y)=0, 

^=4y»+4(*-y)=0, y8+(:p_y)=0, 

««+2/8=0, «8-y»-2(«-y)=0, 

ai»=— y», :.x-=—y, a^+a^—2{x+ai)=0, 

^=12*2-4=24-4=20, ^=12y»-4=24-4=20, 
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=:4. /. — • — > 5 and since tne 

dxdi/ dx^ dy^ dxdy 

algebraic sign of -y-^ and -7-5 is positive, 
dar dy^ 

:, a?= ± \/2, and y=4= ^2, give u= a TniniTmim. 

(4.) Let t«=a{sin^+smy+sin(^+y)} j show that m is a 
TnaxiTnnin when ir=y=60° 

— =:a{cosa?+cos(ic+y)}=0, ■j-=a{cosy+cos(a?+y)}=0, 

.'. «=^, cosar4-cos(a?+y)=cosa?+cos2a? 

= cos^ + 2 oos^^— 1 =; 0, 
11 1 

COS^X + jr COSa?=^> .*. COSa?=;rJ 4?= 60°=^. 

ja J JO 

d^u 

— =a{ — sinar— sin(a?+y)} = —a {sin 60+ sin 120} 

^=a{ — sinj^— sin(a?+y)} = —a \/3, 

=a{ — sin(a?+y)} = —a sm2^=: — « sml20= —a -^> 

-7^ is negative^ .'. m =-„" 'v 3= a maximum. 

(5.) A cistern, which is to contain a certain quantity of 
water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall be incurred in lining it» internal 
surface* 
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Let a^ = its content, x = length, y = breadth, then 

— = depth, 
xy 

.'.sur&ce =tt=ipy4-2 — ^2 — > aminimtun. 

^M 2a» ^ Jm 2a3 ^ 

.•.aj2y=a^, ^=y, a?2y=ic«=2a', a?=y=2*a. 

o3 o^ 2*a 

— = ^j— = — • Hence the base must be a square, 

xy 2ta2 2 

and the depth equal to half the length or breadth. 

^ . ^u 4cc^ 4a» ^ d^y ^ d^u , 

e^^M d^u I d^u \2 __ ... 

•*• TT,* -To > I T-^- ) • Hence « is a minimum. 

dx^ dy^ \dxdyJ 

(6.) In a given circle to inscribe a triangle whose peri- 
meter shall be the greatest possible. 

Let r be the radius, and 6 and two of 

the angles of the triangle ; draw BB J. ^^ 

A G the base : then, Euc. B. 6. prop. C, 

HT) 
e'a^B£>'2r, :.a=:2r =2rsin0, 

6 

c sin0 . sin0 . 

a smO smO '^ 

h _ sin ^ __Bin(7r— .g)_ Bin(6 + <l>) 

a""sin0~" sind "" sinO 




Hence M=a+<J+^=2r{sin0+sin^+Bin(6+0)}, 
du 



du 
-^=2r{co8e+co8(e+0)} =0, 
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^=2r{cofl^-|-co8(0+^)}=0, 

.•.0086=008^, 0=^, 0-|-^=:26, 

.\ooae+ 0082 6=0, oobO+2oo6?0— 1=0, 

cos2a+-cofl6=2» .-.0080=2' 6=60^=^. 

Hence the Z 8 are all equal, and the A is eqnilateraL 

— =2r{ — sine— sm(a+^)} = — 2r {sm60+ 8ml20} 

= -2ry3, 

TO 

^=2r { — sin^— sm(a+^)} = — 2r \/3, 
'^^"-= -2r{sin(6H-0)} = -2rsinl20= -2r~= -r -/3, 



''d^'df ' ^ d^' df^ dedit>' 

Hence the perimeter is a TnayimiiTn. 

(7.) To determine the least polygon that can be described 
about a given circle. 

Let Oiy 6], 63, . . . 0^, be the successive angles contained 
between the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines be I, the area of the right- 
angled triangle whose angle at the centre is d^ will be 

11 r* 

-r^sin0x=o^.^sec6i. sin6i=-rrtan6i j 

and similarly of all the n triangles successively, into which 
the polygon may be supposed to be divided ; so that the 
entire area of the polygon will be 

~(tan0i+tan(9,+tana8+ . . . +tanan). 
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74 MAXIMA AUD MIKDCA. 

But taiid»= -tan{2ir— (01+0,+ .. +d,^)} = -taii(27r—^), 
where ^=di+e,+ . . . +0».i. 

;. «=tan0i+taji6,+tan0j+ . . — tan(2ir— ^i), a min. 

Now, di^Eerentiating with respect to O^, considering the 
others constant, and remembering that O^ is contained in ^, 
the assumed sum of the series, we have 

^=sec^ei-8ec2(2^-^i)=0, :. ei=^2w-6^=e^. 

And similarly, any one of the angles is equal to the angle 
immediately preceding ; hence all the angles are equal, and 
the polygon is consequently equilateral 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least sur&ce. 

Let a, b, e he the sides of the base, h the 
altitude of the pyramid, 0, ^, \p, the inclina- 
tion of the &ces to the base. 

Then, if ;? be a perpendicular from the ver- 

h h 

tex on the side a, sin6=-> .".»=-: — =A cosecd, 

p ^ smd ' 

area of face =j-ap=jrah coaecO, 
;. area of the three fisw5es=^Acosec0+^Acosec0 +^Acoseci//, 

U A jL 

t«=-A(acosecd+5cosec^+ccosect//) (1). 

Also, the base of the pyramid may be divided into three 
triangles whose altitudes are readily determined ; 

V -7^=tan0, /.-=-= cot 0, /. altitude aO= A tan 0, 
aU h 

:. area A^OC=^a«aO=;raAcotd, ' 
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and putting this area =m^, we have 

m^=:-h{acote+hcot<lf+ccotyp) (2). 

2 

From (1), ^=:||-acosec0oote-ccoflec;/;oot>//^|=O, 
J!?=J— i^ cosec^ cot^— c ooseci// cot >// ^1=0, 
.-. a ooseca cot e= — c cosec>|/ cot ;// ^> 
I cosec^ cot^ = — c coaeoyj/ cot\//7~> 
a cosece cote ^= — c cosec\// cot >// — -^j 
fcxjosec^ cot^ — = — c cosecif/ ^* r ^'^^ 

.•.aco8ecOcot6^=i^cosec0cot^^ .... (3). 
From (2), -^=:acot6+ft<»t^+coot\//, 

ccot)^=— r acotfl— Jcot^, 

-c (1 +00*2^) ^=a (1 +cot«fl), 

-C (1 +C0t2./.) ^= J (1 +cot», 
a0 



'* <j?6"" ccosec^t^ 
dyp h 



dtp ccosec^t// 



Substitute these values in (3). 
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76 UAXnUL AND XIKIKA. 

^ ^^ icoaec^A _ ^ acosec^d 

aoosecOcotO* ^=oco6ec0oot0* =-r> 

cco&ec'yf/ ^ ^ ccoeefr\l/ 

.'. cotOco8ec^=cot^cosecO, 

COSd 1 C086 1 

sm9 S1I10 sm0 «md ^ 

Similarly, by finding the partial differential coefficients 

~7~' T7' considering first i// and then 6 constant, it may be 
ad d\p 

shown that 0=\//. 

Hence 0=0= i//, or the feces are equally inclined to the 



(9.) Required the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
a;= radius of base inside, y= altitude inside. Then 

Whole volume v=7r(a?+a)2.(y+a), 

Interior volume c=7rii^y, hence the quantity of metal 
V— c=ir(a?+a)2«(y+«)— <?=a minimum, 
.*. {x 4- a)^ • (y + a) = a minimum. 

{x+afdy+{y+ay2{x^a)dx=0, :. ^=«^-i^. 

c 
^ el . dy e 2 ^ wo? c 

^ If Q^ dx IT a? x-\-a ira? 

Whence iP = y=(-) . Therefore the altitude must be 

made equal to the radius of the base. 
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(10.) «=«*— 3<My-f y* j find the values of x and y wbich 

render U a Tna-yiTmim or Twimwimn. 

^=:a, y=a^ f«=a Tninimnin when a is positivey 
and a TnaximiiTn when a is negative. 
(11.) u=zaa^^hx^ff-\-y^'y find the values of » and y which 
make v a maxinium or Tnininimin, 

(12.) U'=^(u^y^—a^y'^^ii^}^'y find the values of x and y 

which make U a Tna-yimiiTn or TniTiiTmiTn. 

a a c^ 

(13.) «=(l-i--^Wl-.f±^); find the'values of ^ 
and y which render u a maxiTniim or minimum. , . „ a. ^ . 

(14.) t«=acos2d?+6oos2y, where y=j4-jf; find the values 
of cos^ and cosy which make u a maximum or minimum. 

cos2a?=- ± — 7- > cosV=- ± — , > 

2 2v/S2T^ 2 2\/^2T^ 

t«=^(a+6± vo^ippj^ a maximum with the upper, and 

a minimum with the lower sign. 

(15.) Divide a given number a into three such parts Xy y, 

and Zy that 9^+~q-H"^ shall be a maximum or minimum, 

and determine which it is. 

(16.) Inscribe the greatest triangle within a given circle. 
The triangle is equilateral^ 

(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite sides of a common base, in 
such a manner that its surface may be the least possible : 
find the dimensions of the solid, and compare its surfiu)e 
with that of the sphere. 

H 2 Digitized by Google 



78 TANGENTS, NOBMALS, AND 

(18.) Show that the greatest polygon that can be inscribed 
in a given circle is a regular polygon. 

a^ y3 ^2 
(19.) In a given ellipsoid, whose equation is "2"^^'^"2^ ^» 

to inscribe the greatest parallelopipedon. 

Jfa:,y,zhG the half-edges of the parallelopipedon, 
. a h c Qabc 

(20.) To find a point F within a given triangle, from 
which, if lines be drawn to the angular points, the sum of 
their squares shall be a minimum. 

If A, By (7 be the angles, a, h, c the sides of the triangle ; 

then (7P=i(2a2+252-c2)*. 

The point is the centre of gravity of the triangle. 
(21.) Divide the quadrant of a circle into three parts, 
such that the sum of the products of the sines of every two 
shall be a maximum or minimum, and determine which it is. 



CHAPTER XII. 

TANGENTS, NORMALS, AND ASYMPTOTES TO CURVES. 



If y=/ (a?) be the equation to a curve, 

y'—y=.'j- {x—oc) is the equation to a tan| 

If tt=0 (a:, y)=c be the equation to the curve, 

1 to t 
y Google 



-7- (a/— 03) + J- (y'— y)=:0 is the equation to the tangent. 



ASYMPTOTES TO CURVES. 



'\ 



The equations to the normal are 



The imgeo.t=y /y/l + ( J)^ Normal=y /y^l + (^', 

Subtangent z=y--~9 Subnormal •=.y-j— 

The portion of the axis of y intercepted between the 

, , . dy 

origin and the tangent is y—x-^^y^. 

ux 

dx 
The portion of the axis of a; so intercepted is aj—y— =aJo- 

Ex. (1.) Draw a tangent and normal to a given point P 
in the common or conical parabola. 
y^=4aa; is the equation to the curve, 

. dx dx y 

Subtangent J!^T=:y ^=|- =2x. 
'^ dy 2a 

Hence to draw the tangent, let fell the perpendicular Pi^T, 

take i\rr=2^i\r, and join FT; P^ will be the tangent. 

Subnormal I^G=zy-^=2a. 
^ dx 

Hence to draw the normal, take NG=2AS^ and join PG ; 
PG will be the normal 

(2.) Let ^=a**"^a; be the equation to a curve ; find the 
subnormal and subtangent. 

^ dx dx wy" 1 

Subnormal ir^=y^=?^=:^,= 4,^=^ ; 
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80 TANGENTS, NORMALS, AND 

Subtangent NT^y^^ !?^=-^=n«. 
^^ ^ dy a*-i y» 



K«=2, y2=a«. i^(?=^> JVr^2a!, and the curve u a 
parabola. 

(3.) Let M=ic*— 3aajy4-y*=0 be the equation to a curve; 
determine the subtangent. 

••■<**- )|=^-^. 1=^' 

.-. Subtangent iVri'=y^==^Z^. 

(4.) If^=4a(a;4-a) be the equation to a parabola, the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 

y 

mined by the equations a;, = — a, y , = ^ • 

/S' the focus, AS=ay SF—Xy uiiVrraj+a, NP=iyy 
y^^^aix+c^ . . . (1), eq°. to curve, 

y.-y=^(ic.-a;). . (2), eq^ to tan., 

dx "^ 

y,= — ^a;, (3), eq^ to ppdr. from origin, 

.-.by subtraction, y=_gx.-|«.+^a^ (4). 




4a 



^ ' dx y dy 2a 4a 4 
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(7+A)-=7(r«-)-* 

1 
.-. --0;.= — 1, «,= -«, 

a 

(5.) The equation Qff^'^=iay which includes the common 
hyperbola, is said to belong to hyperbolas of all orders. Find 
the subtangent at a given point in the curve. 

!^ 
_ , dx a«y»~' an dx an 






dy y^ y""*"^ fl?y ' ma:**~^-y*'^* 

<fo w a w _ n 

dy maf^"^ y* «wc**" 

(6.) Given two points A KkA. B^ find the locus of F when 
the angle FBA is double of the angle FAB, and draw an 
asymptote to the curve traced by P. 

A the origin, ABr^a, AN—x, FF—y, A=ie, Bz=:2e. 

FN y ^ ^ FN y ^ j, ^ ^ . 2tan0 
— -=i-=tan0, .^^=-i4-=tanJ?=tan2^=. 



AN X ' BN a-x l-tan^d 

y a? _ 2xy 

1—3 B »o 




.*. y2--3a5_2aaj, the equation to the curve. 

Whence, if y=0, a;= 
curve will pass through 0, 



2 2 

Whence, if y=0, x=-^a, and taking AO-z-^AB, the 
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The origin may be cbanged to Ohy putting x^^=^ON, and 
substituting the resulting value of ^ in the equation to the 

curve ] whence y= ±«j /3h j , 

^ fo* . 1 0-* 2a 2 \2 / ^ . /2a\2 2>. | 

= ±3*a?±-r4: "-ip— q:&c. 

3* 2.3*0: a^ 

.*. y=±ajv^±— -;= is the equation to the asymptote. 

Ifa;=0, y=±--^> ify=0, ^=^V 

:. -^= \/3=:tan 60°, and the asymptote cuts the axis of 

a; at an Z of 60°, and at a distance = — » from the point 0. 

o 

(7.) If y^= be the equation to a curve ; find the 

35— d 

equation to the asymptote. 

« •/«-h«\ « /, 2a 2a^ . \ 

.•.y=±«,(l+^+J+&c.) 

/. y=s ± (sc+a) is the equation to two asymptotes, and •/ 

if a;=0, y=a, /. an asymptote cuts the axis of y at the 

distance a from the origia; and v ify=0, x=—a, .*. an 

asymptote cuts the axis of x at the distance —a from the 

origin. 

dy 
Again v ^=±l=tan45*^ or tanl35°, .*. these asymp- 
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totes cut the axes at an angle of i5^, and are conaequBntly 
at right-angles to each other. 

Putting x=za in the equation to the curve, we have 



y2=: , ory=- 



V ^ - "^ — ' 

.*. there is another asymptote parallel to the axis of y. 

(8.) If y— 2=(a;— l)\^a;—2 be the equation to a curve; 
find the point and angle at which the curve cuts the axis 
of X, and the values of x and y when the tangent is perpen- 
cular to that axis. 

Ifa;=0, y-2=-v^^, .-.yrra-V^^. 

Ify=0, (a;-l)v/S^Il2=-2, (ai8-2aj+l) (a;-2)=4, 
a?^4ta?^5x—6=0, 
a*— 3»2— aj3-h3a5-|-2a;— 6=0, 
aj3(a;-.3)-ic(aj-3)-h2(a:— 3)=0, .-. x=S, 

-f.=(a;— 1) ,, -h V a— 2= , = — ^ 

dy 9—5 4 

Hence, if a = 3, -^ = tan6 = — ^ = - = 2, and the 

dx 2v^3^ 2 

curve cuts the axis of a; at a distance 3 firom the origin, and 

at an angle whose tangent is 2. 

Again, if»=2, Vaj— 2=0, .-.^-.2=0, y=2, 

ifv 3a?— 5 6-5 1 , ^ 

-£.= — = =-=00 when fl;=2. 

cfo 2\/S— 2 

Hence the tangent cuts the axis (^ a; at an angle of 90^, 
or it is perpendicular to that axis when a;=2 and y=2. 

(9.) If from any point P in an ellipse a straight line be 

drawn to the centre making an angle Q with the normal, 

and if ^ be the inclination of the normal to the axis major ; 

1. x-L X X ^ tanZ(a2-W 
show that tane= ^,^^^^,/ . 
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Let CA =a, CB=l, GN=x, NP=y, » 

A.I 



z cpfi!=fl, ce!P=i. 



6*. 



^=-(a^-«^=J« ^_ 



— y > eq^ to ellipse. 




m=KGN=^, 



by a property of the ellipBe, 









also •-=taiiPCi\r=-^tan?, 
taiiP6?ir-tanPCZr 



taii0=tan {PGN'-PGN')- 



l+UmPGI^'tauPCI^ 



t&aCGP--taaPCJ!^ _ 
' 1 + tan CGP'iaaPGJ^' 



tanZ rtan^ 

l-htan^-rtan? 



_ a2tan?~ytan? _ tan/(ag~^^ 
"- a2^j2.tan2; ~a2+^.tan2;' 

(10.) From the centre (7 of a circle a radius GR is drawn 
cutting the chord BD in Jf, MP is drawn at right-angles to 
BD and equal to MR ; determine the locus of P, and draw 
the asymptotes. 

Let BD, GO be the co-ordinate axes, 
A the origin^ 

GR=ia, GA=e, AM=x, MP=y. Then 
MP=MR=:GR-'GM 

=GR^'/gFT'AM^, or 
y=a— Vc^-\~ai?, the equation required. 
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Ify=0, aj= Va2i:;?=: <^CF^ - GA^ 

= ^((7^+04) {CF--CA)=: ^/TWTTO^ 's/TW, 

;. x=A'D or -4^. 

K d?=±oo, ^=—00. Henoe the curve passes from 
through B and D to infuuty. 

To determine the direction of the tangents at these three 

points; — = tan6= qp— ^==0 if a; = 0, .". at the 

dx vc^-j-ic^ 

tangent is parallel to the axis of x, 

dy ^ ^ _ X AD V'S^^Ta _ . , 

-^=fj>.nfl=qp— =-— j — = > which 

dx Vc^^x^ ^yCA^JtAIP a 

determines the direction of the tangents at D and B. 

Again, putting a, = OiTsc CO — CA^= a — (c 4- y), we have 
y = a — - c — aj, ; and putting y , = iVP = x ; and substituting 
these values of x and y in the equation to the curve, the 
origin will be transferred to 0. Thus 

a—c^x,=a—' ^i?'^y?y ^c^-^-y^^c+Xi, 
c2+y2=c2+2ca;.+aj2, 
.-. y 2— .2ca?,4-a?2, which is the equation to the rectangular 
hyperbola. 

To find the equation to its asymptotes^ 
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/. y= ±:(a'H-c) is the equation to the two as3nnptotes; 
and •/ putting y=0, we have ir= — <?, and 
putting j?=0, we have y= ±c ; also 

V -7^=tan6^=dil ; •'• the asymptotes cut the axis OF 
ax 

at Z 8=45° and 315®, at the distance — c from the origin 0. 

Take OT—GA, and draw the lines TSy TS, at Zs=45° 
and 315® respectively, these will be the asymptotes. 

(11.) The normal to the curve whose equation is f/^=i^ax, 

4 
is a tangent to the curve defined hy j^=^=- (x— 2a)^. 

y2=4aa?, ^=y' •*• y.-y= - ^ (^.-^), eq°. to normal, 

y /x4'2a\ ^ ^ , 

.•.y.= ^|^a?.H.y(^— ]. Lety,=0, then 

a7,=ir-|-2a=part cut off from axis of a?. 

y2=^ (x-2a)», 2 logy=log g^^+S log (x-2a), 

<^x 2 , _ . x+4a ^ ^ 

:. X— y — = x---(x — 2a) = — 5 — = part cut off from 

axis of ^. 

Hence, that the normal and tangent may cut the axis of 

w at the same point, we must have the equation 

x4-4a - « « 

— — =a?+2a, .-. x=:3a?-f 2a. 

But, the angles they make with the axis of x ought to be 
the same, and since 
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" 2a'"2 iL^^a a^~ a ~(x~2a)2""3a^ ^' 

/. 3a7=x~2a^ x=3^4-2a^ the same as before. 
Hence, the normal and tangent, cutting the axis of x in 

the same point and at the same angle, must be coincident. 
(12.) In the curve defined by y^=zaaP+x^ prove that the 

portion of the axis of y intercepted between the origin and 

the tangent =|.(^)*. 

.^ dy 2flkr2 + 3a;3 3t/3-2o.r2-.3:ir3 
AD=y,=y-a^-=y —-:^ —^ 

_ 3(/— ;g^)-~2a;gg __ g^ _a ai^ 
"" 3y2 '"3^~3'(aa^«-f^)* 

"'3'{(a + ar)a?2}t""3*(a-f#^*""3*^a+^^ ' 
(13.) If yt=at— art; draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 
axes = a, and that perpendicular on tangent = Vaxy, 

^ dx Z dx x^ J,' 

X — = — a:*y*= — y* (a*— 3^*)=y — a*y*. 

.*. AD^V'-x-i-^zaiv^* 
" dx "^ 

ATzziy ar=y I -) —x— — x^yi-^x 

dy \ y^J 

= —x^ (yf +d?i^)= — ^ia^. 
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Now 2>r2=^2>2^ J7^_^*^f ^^*^f_^»(y|^^J 

:. DT=:a=: part of tan. intercepted between the axes. 
^ . FD AD „^ AIP aM x • 

.". jl-F=a^a:^yi= length of perpendicular on tangent. 
(14.) Suppose a rigid rod BF slides along the line Ax in 
such a manner that its extremity F shall --^ 
be constantly in a given curve whose equa- 
tion is y=/(a?), and let £Q be an w*^ part 
of BF; determine the equation to the locus 

ofG. 

Let BF=:a, AN^x^ IS'F=y, AM=zx,, MQ=zy,. Then 




a 



MQ : NF :: BQ : BF, or y. : y :: - : a, 

n 

But AN:=:AM-NM=LAM-'{N'B-^MB)^x,^{nMB-^MB) 
=;r.-(n-.l)if^=^.-.(n-l) /\/J^, 

/. y ,=-•/] a?, wa^—v?y} \ , the equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2 a^* (abscissa)^. 

Let X be its absGissa^ y its ordinate. Then 

V Normal FQ-sz^y-j-y :, y-^=2a2^, an equation 

evidently derivable by differentiation from ^=— -> 
.'. yzszaufi is the equation to the curve. 
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dx y duts^ "^ dy 2ax 

.-. Subtangent iV^r=y^=^=f . 
* ^ dy 2ax 2 

The equation to the curve may be put into the form 
^^=-y, therefore the curve is a parabola, whose parameter 

is — > and whose line of abscissae is perpendicular to the hori- 
zontal axis. 

(16.) The equation to the catenary is 2y=c \e^-\'e *j ; 
find the length of the normal 

M{'-(i>'--=(-7)}4(-->- 

dy^ e*^— 2 + 6"*^ , dy^ , e^ ^2-^6 "^ 
— ^'^t:2=^'^ A ' 



da^ 4 ^dx^' 

/. normal FG^y ^/u^=y'^=]f' 

(17.) K2/»— (a + ^^)3r-^-h(c+ea?-|-/r2)2^-2_&c. = be 
the equation to a curve of n dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sum of the quotients will be a constant quantity. 

I^* ^i> ^8> ^s> • • • • ^« ^© tl^e values of y which satisfy 
the given equation, and 

«i, «i, «3, . . . . «n the subtangents corresponding to these 
values of y ; then, by the theory of equations, 

I 2 
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dr^ dr^ dr^ ^_7 . 

'* dx dx dx ' ' ' ' dx 
and, taking the differential expression for the subtangenta, 



r,dx 


r.dx 


tAx 


8i dx 


8^ dx 




Hence 


^1 ^« ^a 

«1 «a «3 


, . .5=. 



(18.) If y*— a?*4-25ar2y=0 be the equation to a curve; 
find the equation to the asymptote. 

Assume f/=xz, then a^z^-^a^+^ha^a^O, 

x=-z 7> • ^=r T> which both become infinite 

l—z^ ^ 1—2?* 

when z*=: 1 or z^ 1 . 

4^^^ -4;r3+25ar2^4-2^y.2:»=0, 

{••27 (tX 

_ %_ 2a^^2bx^y _ 2^+hx^y—2a^+2bxh/ 
^^ ^dx"^^ 2y^'\-ba^ "" 2y^+hx^ 

= —^ — ^g — ^> which, when ;2r=l, and consequently 

a?=oo, becomes ili>= — -s — rT= r=~"rt* 

2;r+6 2 £ 2 

h h 

Hence y^zx-- ^> y= — ar— ^ are the equations to 
two asymptotes. 
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(19.) Investigate an expression for the subtangent : and ^ 
in the parabola of the n^ order, whose equation is yz^aa^, 
find the subtangent and subnormal 

Subtangent = — a?, subnormal = ria^ay^'*'^ 

(20.) The equation to the ellipse being y^^-^ (2«^— a'^) ; 
£nd the subtangent and subnormal. 



Subtangent == > subnormal = -5 (a — - a?). 



(21.) Prove that -— equals the tangent of the angle at 
dx 

which a curve, referred to rectangular co-ordinates, is inclined 

to the axis. • 

(22.) y^'=:c^^QD^ being the equB.tion to the circle, the 
origin at the centre, show that the curve cuts the axis of x 
at an angle of 90^ 

(23.) y2=2aa?--ar2being the equation to the circle, the 
origin in the circumference, find the subtangent and normal. 

Subtangent = > normal=a. 

(24.) If an ordinate NF in an ellipse be produced until it 
meets the tangent, drawn from the extremity of the latus 
rectum, in T \ prove that the distance of P from the focus 
is equal to the distance of T from the axis of abscissae. 

i^b,^ In the ellipse, if it be assumed that ^ = acos^; 
prove that the equation to the tangent wiU be 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
rigktaB^Ug. dfi^y^zzzo^-it^. 
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(27.) y^=j; being the equation to the cissoid of 

^^ Diodes, find the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at right-angles. 

Equation to tan. y(=zXj- r^V • {(3a— ir)ir,— oo?} • 

(28.) Prove that half the minor axis of an ellipse is a mean 
proportional between the normal and the perpendicular from 
the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is y=a', 
show that the subtangent is equal to the modtdus of the 
system whose base is a. 

(30.) Prove that the curve whose subnormal is constant 
is a parabola. 

(31.) In the hyperbola, whose equation is y2=~(2flw? -ha:^, 

show that y=d:-(d?-|-a) is the equation to two asymptotes 

passing through the centre and equally inclined to the axis 
of a?. 

(32.) Draw the rectilinear asymptotes of the curve defined 
hj y^-^-sfiy^a^x^, and determine the form of the curve at 
the origin. 

(33.) Let a?— f^ -^0x^=^0 be the equation to a curve; 

a 
show that the equation to the asymptote is y=d?4-^- 

(34.) If at^:=ha?—€^xy be the equation to a curve ; show 
that y= (--] • Ix T— rj is the equation to the asymptote. 

(35.) In the common parabola, whose equation is ^==4ar, 
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find' that point at which the angle, made by a. straight line 
from the vertex with the curve, is a maximum. 

(36.) A reetangular hyperbola,- and a circle whose radius 

is 2a, have the same centre; find the angle of intersection 

of the two curveSb 4/T5 

ABgIe=taii-i-^. 

(37.) Find that point in an ellipse at which the angle 
contadned between the norm^ and the line drawn to^ the 
centre is a maximum^ 

(38.) Determine the angle at which the curve, called the 
lemnisoata of BesnouiUi, whose equation is (5^^+a^)^ 

(39.) If A be the vertex, F and Q corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ, 

(40.) The centre of an ellipse is the vertex of a parabola, 
the axis of the parabola intersects the axis of the ellipse at 
an angle of 90% and the curves also intersect each other at 
right angles ; show that major axis : minor axis :: v2 : 1. 

(41.) 11 f/^=ma:+na^, show that an asymptote cuts the 

axes at points mdicated. by an=: — aaid yrs — j* 

2n 2n* 

(42.) Show that the locus of the intersection of tangents 

to the rectangular hyperbola and perpendicular» upon them 

from the centre is the lemniscata. 

(43.) Draw the asymptotes of the curve t/?^) L> and 

determine the distance of its niirtfnmrm ordinate from the 

origin. 

(44.) Find that tangent to a ^ven curve which cuts off 

from the co-ordinate axes the greatest aresi; ^ 

a?o=2ir, yQ=^2y, 
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(45.) Draw a tangent to the curve, whose equation is 

y=aa:^ , and show that the tangent always cuts from the 
axis of y a portion equal to an m^^ part of the ordinate at the 
point of contact. 

(46.) If ^-ha;8— 3ir2=0, show that y=— a?-hl is the 
equation to the asymptote, and that the maximum ordinate 
is at the point indicated by ;r=2. 

(47. ) If C be the centre of an ellipse, and ^F any ordinate, 
and if in i\rP a point Q be so taken that its distance frx)m C 
shall be equal to I^F ; show that the locus of ^ is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation is 

2/ ="2 2* *^^ determine whether the curve has an asymp- 
tote. 

(49.) ABB is a semicircle, centre C and diameter AD ; 
EF is a chord parallel to AD, CQR a radius cutting EF in 
^ j ^^ is bisected in P. Find the locus of P. 

a^=(2y-i)(^+y2)i 

(50.) Show that the curve, whose equation is a^-^-ahy 
—<KJcy'=^% has a rectilinear asymptote at the distance h frx>m 
the origin, and also a parabolic asymptote, whose equation 

o 12 

is ay— J ^2— Ix—^IA , the latus rectum of the parabola 

being a, and its axis parallel to the axis oiy, 

(51.) BAG is a triangle, right-angled at -4 ; a straight rod 
moves through the fixed point C, while one end slides down 
the line BA : show that the curve described by the other 
end is a conchoid whose equation \a {c^y'^'=.{x^})f {cfl — aP^^ 
and determine its subtangent. 

Digitized by VjOOQ iC 



POLAB CO-OBDINATBB. 



95 



CHAPTER XIII. 

POLAB C€M>RDINATES. 8PIBALS. 

Ifr=/(6), or/?=/(r), a2idM=-; then 

Tangent of angle {(p) contained by radius vector (r) and a 

tangent to the curve, is tan SFT=r -— = — w -— . 
° dr du 

Perpendicular on tangent, 



SY=pz 



V ^ ^d^ 




dd 
Subtangent STz=if^-f> 
dr 



dd~W' 



— =— 7^=i. 
dr rwv^—p^ 



Ex. (1.) Find the polar equation to the common parabola. 

r=:DN=z2AS-i-SJ!^=:2a+r,cosFSJ}^=2a-r cosd. 

2a a 



.\r+rcosd=2a, 



.r= 



l+cosd „(9 

C0S2- 



(2.) The equation to the spiral of Archimedes is r=a0; 
find the angle between the radius vector and tangent, and 
the subtangent. 

^=a, .-. /ST^Frrtan-ir^zzitan-irirritan-ie. 
dd dr a 

dB r^ 

' Subtangent AS'r=r2^=— 
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(3.) K r:=za (1 +cob0), find the equation between p and r. 



-=a-|-acoB6. 
u 



1 



^u 



asind 



a + «coB^ dB (a -I- a 0080)2 

\de) ~(a + aco8«/'"(a+acosd)^' 



But a 0080= a, 



rt2coB20=l-— +a2 






a+acos0=-« 
u 



"■^ds^-^* 



2a 



1 



— =t*2-|-2a«*— tt^-- . 



/^=c 



k (4.) The tangents* at the vertex and extremity of the 
latu8 reotxun of a conic section intersect ; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus from the vertex. 

Let A be the vertex, S the focus, and T the point of in- 
tersection. 

The equation ys=-^/2cup^a^ will, by usLog 

the negative EOgn, comprehend all the conic 

sections excepting the hyperbola; and, by using 

the positive sign, it is. the equation to that 

curve. * 

dy 
Alsoy,— y=-j-(ir,— a?) is the equation to the tangent. 




DijQTerentiating the assumed eqoatioi^ 



a'^x 



dy^h 

dx a v2ax^^ 
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and substituting the values of y and -y- in the equation to 

dx 
the tangent, we have 

y,=-v 2aa?-i-arH 7-=== •(a?,— a?). 

But at the origin ir,=0, and a?=-4/S'=m suppose. Then 



y. 



',=—v 2 am -<-!»-* 



_^/2 



a a v2am^w? 

i /2am4iw2— «w±m2\ im 

\/2amip/»2 ' v2am^m^ 
Now a2_j2^ (a:+:m)2, by a property of the curve, 

/. 2awqFm2=^, /. TA:=^y,—m—SA. 

(5.) In the ellipse, if p be the perpendicular from the 
centre on the tangent, and r be the distance of the point in 

the curve from the centre, prove that ;?^=— 3 — 75 o* 

Ver^CP^ry Z.FCJ!^=ze, then a?s=:rcos6, y=rsind; 

— -f Y«=l, equation to the ellipse. 



^r^cofe ^^n2d /cos^e an20x 

___a2^2 ^2^2 

"62cos20-ha2sin20'~a2^1-a2)cos20+a2sin2o' 

where 1— e^sr-Tj. 

a262 52 

.-. r2=- 



■o2-a2g2cos2d l-e2cOs2(^ 



t*2=JL.(l_e2oo82d), 2w^=-i-{--2^cose(-sine)} 



e^cosdsind 



— = — {^cos6sm6} •-=-• , 

de b^ u h Vl-^e^cm^ 
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"■ «>2(l-e2eos2fi) 

l~2ggc082a4-g^C08ge 

"^ «^(l-e2cos26) 

_ ^ 1 l-.e2cos2« . o 2^ , ^^ ^ 2/1 2 *- 
But -^= rs > /. «2coa2^=:l— -— , ^C0S26=:«2 , 

1 1-2+^+^-^ ^_1_^(«2_2) 



J2.^ A* 

r2 r2 



^2 



r2 r2 



h^\ 



-^+.^(1+^) 



•i>^=: 



a2^»2 



a262 --^ a2^.^2_^ 

(6.) In the ellipse, if -4, be the origin, the equation is 

^2 • 

5/2=_(2aa?— ir2): let & be the pole, JLA.SP^Qy and 

SF=r; show that the equation referred to polar co-ordi- 
nates is r=-7-^ ^« 

1 -h^cosd 

2 
(7.) The equation to a ciurve beiag y=(ir»»-|-aa^~^)"»; 

determine the polar equation^ and show that an asymptote 
cuts the axis of abscissae at an angle of 45°, and at a dis- 
tance = from the origin of co-ordinates. 

m 

(8.) In the hyperbola, if AS'be the pole, the polar equa- 
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tion ^ be r=£^=il; if the centre be the pole, the 
1+ecosd ^ ' 

polar equation will be r= . 

ve2cos2y — 1 

(9.) Show that the polar equation to the lemniscata of 

Bemouilli is 7^=^2a^coB2d, and that /?=±^-s- 

(10.) Show that the polar equation to the conchoid of 

icomedes is r=:a-\ -f the equation b 

cos6 ^ 

co-ordinates being sfif/^=^{a-\-xY{p—x^, 

n 

(11.) Show that the e*quation r=——- represents two 

polar curves, one having an exterior and the other an interior 
asymptotic circle, and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the dssoid of Diocles is 
r=2a tandsind. Prove this. 

(13.) The equation to the lituus is ^—-tt j show that the 

subtangent =.2avd, 

(14.) In the cardioid r=a (1 — cos0), and if r, be a radius 
in the direction of r produced backwards, r,=:a(l-|-cos6) : 
show that 20=0. 

(15.) If the polar equation to a hyperbola, referred to its 

focus, be r = —- ^ > show that there are two asymptotes 

intersecting the axis of a? at a distance ae from the origin, at 
angles whose tangents areH — and respectively. 

(16.) If 0= . == be the equation to a spiral ; show 
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that a circle whose radius is 2 a is an asymptote to the 

spiral. 

a" 
(17.) If 6= — > and na*=i*; sdiow that the equation 

between the radius vector and perpendicular on tangent is 
_ 6V 



CHAPTER XIY. 

SINOULAB POINTS. TRACINQ OF CURVES. 

A curve is convex or concave to the axis according as 
y and —^ have the same or opposite signs. 

To determine whether there be a point of contrary flexure, 

we put "7:5=0 or oo ; and if a be one of the values of a? so 

found, we substitute successively a-\-h and a—h for a? in 

-— ^ 7 then if — 4 have opposite signs, there will be a point of 
dor dar 

contrary flexure denoted by ^s=a. 

At a point of contrary flexure in polar curves ;t-=0. 

If any values of x and y make -r-^-ri^ tliis circumstance 
generally indicates a multiple point. 

For a true double point (^)'- (^) (S) >^- 



For a point of osculation 



\dxdyi 

td^u\^ /<£^W\ /<3?2m\^ 

\d^) ^ W/ \d^V 
For a conjugate pomt (^^) - (^) (— ,) < 0. 
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At a cusp, if ir=a, -^ has but one value; and, substituting 
dx 

successively a +11 and a— A for a?, -^ has two values. 

For the ceratoid or cusp of the first species, the values of 
—2 ^^® opposite signs. 

For the ramphoid or cusp of the second species, the values 

of -r-^ have the same sign. 
dor 

Ex. (1.) K the equation to a ciurve be y^^-^nfi-^-ca^) 

show that the origin is a point of osculation, ascertain if 

there be any maximum ordinate, and determine the general 

form of the ciurve. 

It is obvious that, by giving x successive positive values 

from to 00 , y will have successive positive and negative 

values from to oo, consequently there are two similar 

branches extending from the origin to infinity, one branch 

on each side of the axis of x to the right of the axis of y. 

__ dy 1 5ir*+4cir* x 5x-\-^c _ , . 

Now -^ = - . — - = — • =0 when a:=0, 

dx a 2vdp*-|-ca?* 2a Vx'\-c 

dy 
and V when ii?=0, y also =0, and -f- has 

dx 




two values, one positive and the other ne- i 

gative, each =0, therefore the axis of a? is 

a common tangent to the two infinite bn^iches at the origin; 

hence the origin is a point of osculation. 

Again v y= — vi^-c; whend7 = — (?, y = 0, and while 

X takes successive negative values from to — c, y will take 
successive positive and negative values from to again, 
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aad therefore to the left of the axis of y there is a loop or 
nodus. 

And V ^=f-.^^=0, .-.5^+4^=0, and *=-*<. 
dx 2a var + c 5 

determines the position of the maxinmTn double ordinate ; 

and V --p=tan6=ao whenir=— c, the tangent :at this point 

intersects the axis of j; at right-angles. 

Take AB=zc, and draw the tangent TBt±A£, take 

AN^—Cy and draw the double ordinate PNp=. — f-j > 

4 
which is the value of 2y corresponding to dr= — —c; the 

loop will pass through A, P, B, p. 

(2.) Trace the curve, whose equation isy=— -^(a±:d?) ; 

va 

and show that there is an oval between dr=0 and d7=a ; de- 
termine the position of the Tuaximum double ordinate, and 
exhibit the form of the exterior branch. 

Firstly, j^=— 7=(a— jr)= vava? ^. / 

va va ' 



Take AB^a, Tl^s — ^* 
Then, •/ while 
y X increases 
from to a, 5^ has positive 



Let dr=0, /. j^=0, 

a?<a, yi8±, 

ir=a, y=0, 

a? > a, y is impossible. 

Putting —0? for a?, j^ is impossible. J and negative values from 

to agaio, .'. there is 

a Tnn.YimnTn ordinate somewhere between A and B, and AB 

is the axis of an ovaL 

3 ^ 

rfy /- 1 2^ v^ 3 /- . 

Now ^== v^ • ---F= ~ -7= =r-7= - r-7= ^=0, 

' (far 2v5 va 2^0? 2va 
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-^= — -j^i 3ir=a, .'. 0?=- denotes the point where 



y/a Zwx „ a 

the maximum double ordinate cuts the axis of x. 
Secondly, ^=-7- {o.-\-x\ 



Let ir=0,* /. y=0, 
x<a, yis±, 
d?=a, y=2a, 
d?>a, yis±, 
a?=:oo, y=oo, 
Putting —a? for a?, 5/ is impossible. ^ 



Draw^P=2a. Then, 
•.• while X increases from 
to infinity, y has posi- 
tive and negative values 
from to infinity \ there 
is a branch above and 
below the axis of x exte- 
rior to the oval. 
No curve exists to the left of the origin. 
(3.) y^{<j?-\-!t^^=^iifi{o?—o^') is the equation to a curve; 
trace it, determine the angles at which it cuts the axis of j?, 
and find its maximum ordinate. ' 

If d?=0, then y=0 Put — ar for a?, then 

x<ay y is possible db if a?=0, y=0 

ir=a, y=0 xKa^ y is possible qp 

^>*> y is impossible. a=a, y^=Q 

x>a, y is impossible. 
Take ABz=:a, Ah=: —a, in the axis of x, and the curve 

will pass through the points A, B, b. 

And V when x>a, y is impossible, the curve cannot 
extend beyond B, h, 

Now 2y^=^.V (^4J^, ^A_/+__.2^. 
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y 



-a^a?- 



SINGULAR Fonn^ 



dx 







'* dx ar'(a2_^i' {a^+x^ " {a^-\-x^i {d^^aP)^' 
and putting d?=0 and dia in this expression, we have 

tan6==^==-— ^5l^==-^ 
dx (a2)i(a2)* a«.a 

"■(M*(o)' 

.'. the two tangents at the -point A are inclined to the 
axis of ^ at Z 8=45^ and 135° respectively, and the tangents 
at B and h are ± to the axis of x : .*. the point ui is a 
•double point. 

"2 — 12' 



-= 00 =tan 90^. 



i=0, 



a4-2aV-d?*=0, 



a max. 



dx (a2-ar2)*(aHa:^*" 

^+2aV+a*=2a4, a;3+a2=a2v/2, a?=±<i\/V2~l. 
Hence the greatest ordinate cuts the axi& of x at points 

denoted by ir = a\/ a/2— 1 and — av \/2 — 1, and the 
length of this ordinate may be ascertained by substituting 
these values of ^ in the equation to the curve. Thus 

=:«\/A/2-l.\/i/2-l=a(v^-l) 



ssMF, MP,, tnp, mp,. 
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(4.) If y= 



a*x 



- ^, show that there are points of contrary 

flexure when d?=0 and a\/3, that the curve cuts the axis 
of 0? at an angle of 45% that the axis of ^ is an asymptote to 
the two infinite branches^ and that there are maximum or- 
dinates when a?= -^-a and — a. 

Put —0? for X, then y=- „ 



Let dr=0, 


.-. y=0 


ar<a, 


yis -h 


«=sa, 


^=2 


a?>a, 


yis + 


a?=oo, 


y=0. 



^-0, 


.•.y=o 


d?<a, 


y is — 


jr=a, 




x>a, 


y 18 — 


a;=oo, 


y=0. 




Take AB=a, Ah^-^a, and draw 

the ordinates j?^, hq^ equal to -rand--- — 

respectively, the^ curve will pass 
through the points A, Q, q^, its right- 
hand branch being above the axis of x, and its left-hand 
branch below it, the two branches meeting that axis again 
only at an infinite distance from the origin A , .\ the axis 
w of d? is an asymptote to the two infinite branches. 

d^y _ {a^-\■a?f'{-'2^a^x)^a^{a^^a?)'^a^^a?)'2x 
dof (aH*2)* 

= — / o . oxg =0> if ar=aV3 or 0. 
Substituting a ^/3 — A^ a \/3 + A respectively for as, we have 
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_ -2a2^(g>/3~^) (2a^/3^h) 
"^ {aH(av^3~^)2}* 

which is negative^ since ^< a */3 ; 

da^ {a2+(av^+A)2}' ^ 

Hence x:=a v3 indicates a point of contrary flexure ; and, 
substituting this value of ^ in the given equation, we have 

y=— -j — • Take ^iTssa-Zs, and draw i\rP=— j— > when 
* 4 

P will be a point of contrary flexure. 

Also substituting 0— A, 0+^ respectively for a?, 

one pamiive, the other ne^u^u^e. .*. the origin A is also a 

point of contrary flexure. 

d^y 
Hence also, y being positive and -j^ to the left of NP 

dsr 

negative, the curve from ^ to P is concave to the axis of a?, 

and consequently beyond P it is convex. 

Again *.* as x increases y at first increases and afterwards 

decreases, having various finite values between its primary 

value and its ultimate value 0, there will be a maximum 

ordinate somewhere on each side of the origin. 

But when d?=±a, y=i:-. Draw BQss-^9 it will be a 
maximum ordinate. 
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By substituting for a? in -~ we have 

(MP 

tan6=--r=l=tan45®. .*. the curve cuts the axis of or at 
the origin ^ at an Z of 45^. 

— — "2 ; show that the branches of the 

curve pass through the origin^ and are contained between 
two asymptotes perpendicular to the axis of a. 
Let j?=0, /. y=0 Put — J? for a, then 

a?<a, y is possible ± if dr=0, 5^=0 

a:=a, y=oo ir<a, yisqp 

ir>a, y is impossible. ar=a, y= — oo 

0? >a, 5/ is impossible. 
Take ABz=:a, Ab=:-'a; then, since at the 
origin A the ordinate is 0, and then as j? in- 
creases the ordinates increase until ir=a, when 
an infinite ordinate passes through JB ; and, 
since the -values of y are both positive and ne- 
gative, a branch extends on each side of the axis of x. 

Also, since when a: is negative, the ordinates take values 
exactly corresponding to those when a? is positive, the curve 
has similar branches to the left of the origin. 

dv a^ 4-2 a^a^ — a^ , . ^ -, 

Again -^= — r : and, puttmg ir=0 and 

■±,a in this expression, we have tan6=-p=±l and 00. 

.-. tan = 1 = tan 45°, tan d= — 1 = tan 135°, tan 6 = 00 
=tan90^ 

Hence a tangent to the curve cuts the axis of a? in the 
origin A at an angle of 45°, another through the same point 
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at an angle of 135^ : and at ^ a tangent to the curve is X 
the axis of x, and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote, the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of se. 

(6.) K (y— i)^=(j?— a)* j show that there is a ceratoid 
cusp when x=^a, and that the tangent at that point is pa- 
rallel to the axis of x. 

If ir=a, y=6. Take AB=za, BF=h, then F is the point. 

Nowy-fc=±(a?-a)4, •'* ^= =^|(^-«)*=^ 

when j?=a ; .'. tan 0=0, and the tangent to the curve at 
the point denoted by x=^a is || to the axis of x. 

Again •Tio=i"T"(^~^) — ^ when x=^a ; 

■and, putting a4-^, a— ^ successively for x, 

-7-^=±:-7-v A> which has two values, one -|-, another — . 
dor 4 

--— = i— V —A, which IS imaginary : 

dy d^y 
and since if 0?= a, ■t-=0, -7-5=0 j andifd?=a— A, they are 
dx <Mr ^ 

both impossible .'. the curve cannot extend 9 

d^y 
to the left of P: also v ifa7=a-|-A^ 5^^^^ 

two values, one positive and the other negative, .% at the 
point P there is a cusp of the first species. 

(7.) Show that the curve, whose equation is r= g^, > has 

a point of inflection when r=— 9 and rectilinear and circular 
asymptotes. 
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r^a-^r 



de_ (r-a y _ a d0 p 

V r— a 
" r(r2-jp2)i 2r*(r-a)*' r2-j92'"4 (r-I^' 

/^ JK/2 aV ' jp2- ^2^ +1> 

1 4(r— a)'+oV 
—-^ :: ' •*• iP=- 



-* 




aV '"^ ■/4(r-a)»+aV/ 

gariv/'4 (r-aV+aV-^r}. ^ ^ (r-g^ +a'^_ 

^_2 2v/4(r-a)8+aV 

rfr 4(r-a)»+«V -^• 

.-. 3 {4(r-a)»+aV}-12r(r-a)2-aV=0, 
« 13a , 3a 

/^ — 6"''=-'*' •■•'■=T- 

3 
Hence there is a point of contrary flexure, when r-=.-a, 

1 ©2 — 1 
Again -= — -5- • Let r become infinitely great, then 

i=— =0; /.02-l=O, ^=-4-1. 

« r 00 ' — 

cfr~ 2r*(r-a)*' dr 2(r-a)4 ^2\7^/ ^ 

and, when r becomes infinitely great, 
r \ 1 _ 1 



1_!! 1 — — ^~^ 
r 00 



/. Subtangent ;S'r=r2^=qi^ : 
dr 2 
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and, sinoe ST remains finite while SP is infinite, a tangent 
may be drawn which will touch the curve at a point infi- 
nitely diErtant from the origin ; this tangent is therefore a 
rectilinear asymptote: and v and ST have each two 
values, .*. there are two rectilinear asymptotes. 

Again, let r=a, .'. -= 

Also 6= a/ > which is impossible when r<a. 

Hence v r^a makes B infinite, and r<a makes Q im- 
possible, there is an aEfymptotic Q, radius =a, within the 
curve. 

In the logarithmic and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r^af, or rrra^"*', 

or r =(?«**; r increasing in a geometric ratio, while d increases 
in an arithmetic ratio ; the radii including equal angles are 
proportional Its evolute and involute are similar to the 
original spiral 

(8.) Trace the curve whose equation is r^=:ia (2 cosOdil). 
Let 0=0, .•.r=:a(2-|-l)=3a, 

0=30^ r^a ( \/3 + l),whichis< 3a, 

e=60, r=:a(l-f l)=2a, 

e=90, r=a (0-fl)=a, 
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Let 0=120, .\co80=— cob60=-.-» r=a (-.1 + 1)=:0, 

0=150, coB0=— oob30= — Y' ♦•=«(— -^+1), 

which is < Of, 

0=180, cose=— 1, r=a (-2 4-1)= —a, 

0=210, cobO=— cos30= — y' ♦•=«(— -^4-1), 

which is < —a, 

0=240, cosO= — cos60= — ^> r=0, 

0=270, co80=0, r=rt(0-fl)=«, 

0=300, co80=cos60, r=a (l + l)=2a, 

0=330, cos0=cos30, r=a(\/3H-l), 

which is >2a, 
0=360, cosO=l, r=a(2 + l)=3a. 

Divide the O^ of a O into 12 equal parts, and diaw 
radii through the points of division. Take -45= 3 a, AP^ 
Ap each =a(V^+l), AG, AK each r^%a, AD, AH each 
=a. 

TakeuiJ^',ul6?'each=a(-V^-fl),andiii?"=— a. These 
three, being negative values of r, must be measured in an 
exactly opposite direction, as AE, AF, AG, 

The curve, which is the trisectrix, will pass through the 
points By P, G, Dy A, HyK,p) and the interior oval will pass 
through Ay E, Fy G. 

Taking r=a (2 cosO—1), a precisely similar curve is pro- 
duced, but turned the contrary way. 

Taking — for 0, the same curve is produced, 
V 2cos(— 0)=2oos0. 
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(9.) Show that the curve, whose equation is {y^-^-oFf 
^icfisfit/'^, has a quadruple point at the origin, and that 
there are four loops or ovals; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting df = r cos 0, y = r sin 0. 

(r^sin^a +r2co82d)«=4a2r2sin2dr«coB3d, r«=4a2r4am2dcos2d, 

r2=4a?sin20cos?O, r=2asinacos0, /. r=a sin 2 a 

Ist quad. If 6=0, r=0, By put- 

• 6=15°, r=asin30=^, *^ "/ 
2 for a the 

. «^ V^ curve is 

0=30, r=a sin 60=-s- a, ^ , 

2 reproduced. 

0=45, r=a Bin90=a, Take the several 

-v/3 values erf r at the 
0=60, r=o sin 120 =-jr-a, ,. 

. 2 corresponding 

0=75, r=asinl50=^, ^^\^ 

2 In the second 

0=90, r = a sin 1 80 = 0, and fourth quad- 

^ , - ^ ^/v.- . «-l/^ <» rants, the values 

2nd quad. 0=105, r=asin2L0=— ^> ^ ^^ . 

2 otr, being nega- 

3rd quad. 0=195, r=a sin390=jr> ^ ^ 

<^ measured in op- 

4th qn«L fl=285, r=« sm570= _ « P<«ite directions. 

-^ Hence, there 
will be an oval whose axis =a in each quadrant : and the 
origin is a quadruple point. 

(10.) If r=a tan 0, show that the asymptotic suhtangent 
is a, and that the curve is included between vertical asymp- 
totes. 
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Let fl=0, 


/.rasO, 


Let e=ir+45, 


0=46», 


r=«, 


e-y, 


•=i. 


r=oo. 


e=^+45, 


fl=135, 


r=— « 


5, e=2ir, 


e=ir. 


r=0. 





.r=fl 



r=oo, 



r=— a. 



r=0. 




Take therefore SB^=a at an angle of 45^ with the axis 
of as, the curve will pass from the origin S through B to 
infinity. 

And V those lines are said to be || which coincide only 
at an infinite distance, and v the aefymptote will ultimately 
coincide with the curve and consequently with SP when 
both are infinite, .*. the asymptote must be drawn || SP. 

There are similar branches in all the four quadrants. 

dr__ ,, . . o.v dQ 1 

dd' 

a^tan^a 



Now 
n dd 



.=a(l-|-tan20), 
tan^e 



dr a(l+tan26)' 



'rfr""a(H-tan20) sec2a 



^a-— =a, when 0=^- 

00 2 



.dd 



:, ST=:r^'^=a, the agfymptotic subtangent. 
dr 

Take ST=:a, and draw TP, || SP ; TP, produced is the 
asymptote. Hence, this curve is included between vertical 
asymptotes. 

(11.) ir=a(l— COS0), f/=aO are equations to the curve 
called the companion to the cycloid; find the points of 
contrary flexure. 

Let BDQ be the generating circle, centre 0, vertex JD, 
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Let 0=0, .\a:=^Oy y=0, 



x^ 



e=l^ 



^=«, y=2^' 



* 0=^+0, .*. co80=--sina. 



L increase 




^ ' I which ] 

y=a (|-f a), \^ * increaaes. 

Let a=5» 0=ir, .*.cosd=— 1, — co86=l, 

d?=:a(l4.1)=:2a, y=ira. 

Putting —0 for 0, a sunilar curve is produced on the 
other side of the axis of a. 



Now 



dy_ 



dx (2<Mr-«2)* 

— = = i T=0, nx=a. 

Substituting a+A, a— A respectively for x in this expres- 
sion, we have 

— =t:: — : — r: — - — 7:777= : > which is negative : 

:, there is a point of contrary flexure when 4?= a, y=o «* 

DO=a. Take Oi? = ^a, Or=-^a, each = arc 2) w, 

JS^=xa=arci>Q^; the curve will pass through^; E, Ay 
and H, r will be the points of contrary fleSure. 
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(12.) Show th^t the carve y^-^2axy^—aa^^0 has a triple 
point at the origin, and determine the* pQgdUqn qf the 
tangents. 

^2^p + 2a{x'2yp+^^-Saar^:=:0, where jt?=^; 

^=■47+4^=0' ^^=0 and 5^=0. 

.'. there may be a multiple point. 
Differentiating numerator and denominator, 

pifferentiatiiig as before, 
Qa—iagiq—ic^ * d^y _ 

., 3a** — 2a«2 2a.»* .„ 

••P=-2P=-0=-*' ^^=^' 

/. the origin is a triple point; and v tan0=— =H — -=. 

dx^ V2 

and = y=z and also =00 , :. ike tangents out the axis 

at Z s=tan-i \T7V ^^^ *^~^ ( 7=)'' *^^ ** right-angles. 

* These repeated diflferentiations are sometimes tedious : they may, 

however, in such cases as this, be simplified by considering p constant, 

as no error will arise from that assumption. Thus, instead of this 

equation, we should have had, by considering p in the prerioua one 

6a— 4a»' 1 

constant, p^-^ — 5 — -. — *-— ; — » whence ©=±—7= as above. 

Digitized by VjWOQIC 




116 SINGTTLAE FOimS, 

(13.) In the diameter ul^ of a circle take a point C, draw 
a chord AP and an ordinate PN^ and CQ parallel to AP, 
meeting PN in Q : trace the curve which is the locus of Q. 
AB=:a, AC^l, AN^ax, NQ^y. 
NP^=i V'adp — jp^, equation to ©, 

CN : AN :: NQ : JSTP, or 

x—h : X :: y : 'Jax—afly 

;. xy'=- (a?— ft) v^oo? — a?^, .*. y = (d? — ft) a/ is 

the equation to the curve which is the locus of Q, 

Lety=0, .*. ^=:ftand=aj letir>a, y is impossible. 
y has finite values positive and negative when x>h and < a. 
Hence the curve will pass through G, Q, B, and form an 
oval. 

By the question no part of the curve can be to the left of C. 
(14.) A rod PQ passes through a fixed point A ; find the 
equation to the curve described bj P when Q moves in the 
circumference of a circle of given radius, and trace the curve. 

P^=jf?= length of rod, diameter 
of O BQ=ctf AB=:b, qp position of 
rod when Q has moved along the 
arc Qq, AN=x, Nq^y; then Nq2=zBN'NQ. Euc. iiL 35. 
y^=:(x—b)'{a'^b^x)={x^b) (c—x), if c=a-|-ft, 
= — a^ -h (ft + c) d?— ftc. 
het Aq=:r, /.A=6, .*. y=:rsind, x=zrcoady 
r2sin26=— r2cos20+(ft+(;)rcos0~ft<:, 
r^— (ft + c) COS0 • r = — fttf, 

.-. r=^ {(ft 4- c) cose± \/(ft+c)2cos2(^-4ftc} • 

And V Ap=zqp-^Aq=B—r, by giving successive values 
to 0, and taking the corresponding values of r, the curve, 
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which is the locus of P, ,will be traced. It BD be the pod- 
tion of the rod when Q has described a ^Q, FDz=:£Q, 
Hence the curve is an' oval, whose axis FD=:a, 

(15.) The equation to the spiral of Archimedes is r=.aO ; 
trace the curve, and show that the origin is a point of con- 
trary flexure. 

r=0, 

3-1416 



Let a=0, 






a=7i 






0=2x, 

e=oo, 



./•=:<»• 



7*?=0* 



4 
3-1416 



=a(-7854), 



=a'(l-5708). 



r=a(3-1416), 
/•=a(4-7124), 
r=a(6-2832), 




r=oo. 



Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put —0 for d, and the values of r, being negative, must 
be measured in a directly contrary dijrection. 



Now a=-> 

a 
:. P -^ 



dr a dr r'^f^—p^ 



f-= 



at+fH 



. dp. 



JrVa^+r*— ^- — y 



2r 






2v^'^T^ _ 2r(gHrO~^ 



-2«V+^^^2«M:^^^^ ^hen r=0 or 6=0; 



(a2+r2)5 (a2+r^i 



(«?+r»)t 
i'=0o 
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and -^ changes sign immediately before and afber the 

origin. 

.*. the origin is a point of contrary flexure. 

In the figure, if r commences its revolution above the 
axis of ^ in the first quadrant, the branch of the spiral 
ABCDEF will be generated. If negative values be given 
to 0, and r be measured in a directly opposite direction, the 
branch represented by the dotted line will be traced ; and 
we shall have the double spiral. If r commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the others, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

If a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiral 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction round the circumference, their velocities 
are in the ratio of 2 : 1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter ui^ = 2 a, and A be the 
position of the point which moves with a 
velocity equal to double that of the point 
at B, Now when this latter point has made 
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half a revolutioiiy the former will have made a complete 

revolution, and consequently the two points will coincide 

at A, Again, the motions continuing, if we take any arc 

AC, and hisect it in D, (7 will be a position of the point 

which started from A, and D the corresponding position 

of the point which started from B. Draw the chord CD, 

bisect it in P, and join OF, OC, OD, 

Let be the pole, OP the radius vector =r, Z AOF=0, 

OF T 1 

then i'(92>=s-' -7rFi=<»sP02>, or -=oos-ft ,the equation 
3 OD ' a 3 ^ 

to the locus of F, 

To find the polar subtangent, 



1, r . l^de I 

cos-0=-> — sm-0.--=-> 

3 a 3 dr a 



de 1 

dr 



.'. r^ — = -— - =:fihe polar subtangent. 

dr va^-^T^ 

To trace the curve, r=a cos ^ d. 

o 

Put 6=0, then cosO=l, r=a, 

6=45, cos 15= -=-> r=a 7=^> 

a=90, cos30=-^> r^^a^Y-' 

0=135, co845=— => r=:^—=9 

i/2 V^ 



1 a 

6=180, cos60=2' r=-^y 
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Let 6=225] then cos75= 



SIKOVLAff poiirrB, 
\/3-.l 



r=a- 



2V2 ' 



0=270, 
0=315, 

6=360, 
a=405, 

0i=450, 

6=495, 
0=540, 



cos90=0, r=0, 

cosl05= ;=-> r=— a- 



2v^ 



2v^" 



cos 120=— -> 
J 

cosl35= ;t=> 

^/2 



'•=-2' 






cosl50= — 



cos 165: 






r=— a 






2 ' 

v4+l 
___ , ^= — -_, 

2V2 2v^ 



cosl80= — 1, 




The negative values of r, which are 
measta*ed in an opposite direction, are 
distinguished in the figure by dotted 
lines. 

By giving negative values to Q the 
same curve would be produced, but 
turned in a contrary direction. 

(17.) If a^=3&ir2— ir^; show that there is a point of 

2h^ 
contrary flexure when a?=ft, and y=^-^ • 

(18.) If f/=2a a/ f show^ that there are two 

.. ^ . ^ 3a 2a 

points of mnezion when iF= — * V2= di — 7=* 

(19.) If ao?^— (ip— a)y^=0 be the equation to a curve; 
show that there is a point of contrary flexure when ar= — 2a. 
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(20.) Tf yssiox+ba^—csfi ; show that there is a point of 
inflexion when a?=^> and y=^aff-2 (^oc 4-2^2), 

(21.) Ify=:c+ (a? — a)2(ir— -ft)*; show that there is a 
double point when x=:a, and y=:c. 

{^^^^ If y:=-^(a^—a^; show that there are points of 
inflexion when d?= ±—=:> y=: — • 

(23.) Ky= , y=^( ) ' y=7 — Hw — \ 

be three equations having no mutual relation, and x becomes 

infinitely great in each ; prove that in (1) y = oo , and ~-= oo , 

due 

in (2) y=oo, and ^=1, and in (3) y=0, and ^=0. 

(24.) Ify2(^-.a2)=ir* j show that the equations to the 
asymptotes are y=-|-ir, y=.^x, and that the curve lies 
above the asymptote : also show that the curve has two 
branches touching the axis of x at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of x at right-angles 
when ir= +a, 4?=— a j show that beyond these asymptotes 
the curve is in the plane of reference, and approaches nearest 
to the axis of x when a?=a V^, again receding towards the 
asymptotes whose equations are yz=i-±,x, and intersecting 
them at 00 in a point of inflexion. 

(25.) K^-j-iT®— 2(w?2=0 ; show that the equation to the 

asymptote is y=— 3?+— j that at the origin there is a cusp 
o 

of the first species, the two branches being above the axis 

of X and concave to it, that the curve cuts the axis of x at 
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right-angles at a point denoted by d7=2a^ Vhere there is a 

point of inflexion, beyond which it approaches the asymp- 

2a 
tote whose equation is y = — a? + -r- ; show also that there is a 

maximum ordinate whose length is — • v4, when a?=— • 

(26.) If r = — =i show that p = - ^ and that 

there is a point of inflection when r:=^a's/2, the curve being 
concave towards the pole when r is less th^ a v^, and con- 
vex towards it when r is greater than a a/2. 

(^27.) y=a-|-flrf^(ar— a)J; determine the nature and posi- 
tion of the cusp. 

a?* 
(28.) ^=-s — -3 being the equation to a curve referred 

to rectangular co-ordinates ; show that the equation between 
polar co-ordinates isr=satan0, and that the equation be- 
tween the radius vector and the perpendicidar from the pole 

upon the tangent is »= /-r^^^'TS — 5 ^ show also how the 

branches of the curve are situated with regard to the plane 
of reference. 

(29.) If 0= 9 show that a line drawn parallel to the 

prime radius <x axis, at the distance a above it, is an 
asymptote to the curve, that, when is +, the carve has 
an interior asymptotic circle, and when 6 is — , it has an 
exterior asymptotic circle. l9aoe the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

(30.) The equation to the Cardioid is r=a (l-h cos 6) ; 
trace the curve. 

Digitized by VjOOQ iC 



TBACHfO OF CUBYSS. 123 

(31,) If r=a : — > trace the curve, and show that 

^ 6— Bind 

there is an asymptotic circle, radiussa, and that the curve, 

comiog from infinity, continually approaches the convex 

circumference of the aEfymptotic circle on one side of the 

diameter, and the concave circumference on the other side 

of the diameter. 

(32.) The equation to a curve being - = A/ — ^^ 

show that it has asymptotes, at right-angles to the axis of ^, 
at points denoted by 3?= +a, a?= —a, and other asymptotes 
cutting the axis of x at 45°, and 135°, respectively; that 

there are minimum ordinates when a?= ±a v ^+ 1. De- 
termine the value of these ordinates, and show the position 
and direction of the branches of this curve. 

(33.) y=adi(«a?— a^*; determine the nature and posi- 
tion of the singular point. 

(34.) o?y^-\'(i?y^—a^-=i^ is the equation to a curve ; show 
that its asymptote coincides with the axis of Xy and that 
there are points of inflexion above that axis at distances 

equal to -fa A/ V "^^ ""* A/^ ^"^ ^ *^^ ** ^^ 

tances equal -h — t= and 7= from the origin of co-ordi- 
nates. 

(35.) If ar^— j(f*=a*; show that the curve cuts the axis 
of X at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and the part to the right 
of the point denoted by d?=a, concave. 
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(36.) If (d?— a)*=(y— 4?)^; show tliat the common tangent 
to the two branches of the curve is inclined to the axis of a: 
at an angle of A5°, that the curve cannot extend to the left 
of the point denoted bj ar=:a, and that, at the distance a 
above that pointy there is a cusp of the first species. 

(37.) K y= a/ — T — be the equation to a curve ; 

show that there is a point of inflexion at the distance — - 
above the origin, and another in the axis of x^ at the dis- 
tance — fix)m the origin, 
a* 

(38.) y=csin- is the equation to the curve of sines; 

show that, at all the intersections of this curve with the 
axis of Xy there are points of contrary flexure. 

(39.) y^=^a^+x*y2a^—sfi being the equation to a curve ; 
show that its branches intersect the axis of x at angles 

=tan"^±— T=and tan~i±\/2, that there are four double 

v2 

points in the axes of co-ordinates, at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) If r2=a2giix20 ; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 

(41.) If the equation to a curve be ^r^-f 5^— 2 \/axy=:0 ; 
show that the axes are tangents, that p=0 and oo, and 
that the origin is a double point. 

(42.) If tan30= — -> and tan0=:-^ define a curve: 

^ ^ . X a—x ^ 
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ghow that it has a Tnaximum ordinate at the point denoted 

by a?=a (l s~) > ^"^^ trace the curve. 

(43.) Trace the curve, whose equation is 2a^-{-Sa^t/^ 
+ 2 a^a^=a*+a^, and determine the different angles at which 
it cuts the axis of x. 

(44.) Transform the equation {a-~x)y^^=a? ftx)m rectan- 
gular to polar co-ordinateS) and trace the curve, 

(45.) Trace the curve, whose equation is i^-^hy^—aa^ 
=0, and' determine whether it has a point of contrary- 
flexure. 

(46.) Prove that, in the logarithmic spiral, the equation 
to which is r^ae^^, the tangent constantly makes the same 
angle with the radius vector, 

(47.) Trace the curve, whose equation is ~= > and 

ascertain the angles at which it cuts the axis of x. 

(48.) If the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, from to the diameter of the dial-plate; 
determine the polar equation to the curve which would be 
described by the middle point of the thread, and trace that 
curve. 

(49.) If perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cuts oft, the arc being measured from the same ex- 
tremity of the diameter; show that the equation to the curve 

M 2 
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passiiig through the points thus detennined is a lemniscata^ 

whose equation is y=- va^— a^, and trace the curve. 

(50.) Ify=— ^—Y-^-fJ; there is an isolated poiat, de- 
ft* 

termine its position, and exhibit the form of the curve. 

(51.) In a^loga—a^y-\-y=0, show that the origin is a 
•point d'arr^t; and in y+y^"'— a?=:0 a point saillant, the 
branch corresponding to the negative values of ^ starting at 
an angle whose tangent is 225^. 

(52.) Transform (a?* +y 2)8—^^2^ to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve. 

(53.) Show that the curve, the equation to which is 
ay^=:{x^aY {x'-b), has a singular point when a?=flr, a con- 
jugate point if 5 is greater than a, and a double point if a 
is greater than b. 

(54.) AGB is a semicircle whose diameter is AB; draw an 
ordinate 1^0 and a chord AC, then I^F being taken in the 
ordinate, always equal to the difference between the chord 
and the corresponding abscissa^ show that the locus of P is a 
parabola, and that there is a maximum ordinate when the 
abscissa and corresponding ordinate are equal 

{55,) Show that the curve;, whose equation is y= ?> ■ ^ ' 

has three points of inflexion ; and that, when ^= vab, the 
tangent is parallel to the axis of a, 

(56.) If r=:a6^; show that there are points of contrary 

n 

flexure when r=0, and r=a (— n^— n)^; and that this equa- 
tion comprehends those of the spiral of Archimedes, the 
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Ktuus, the hyperbolic or reciprocal spinJ, and an infinite 
number of spirals. 

(57.) Show how the trisectrix, the equation to which is 
r=a (2cos0— 1), may be used to trisect an arc or angle; and 
explain the difference between the generation of this curve 
and that of the cardioid. 

(58.) Prove that the angle at which the logarithmic or 
equiangular spiral, whose equation is r=:a^f cuts the radius, 
is constant, and that the radii which include equal angles 
are proportional. 

(59.) If a=a(d — emiid)y and y = fl (1— «cos0) define 
the trochoid; show that, at a point of contrary flexure, 

(60.) A circle, which continues constantly in the same 
plane, rolls, like a carriage wheel, along a fixed horizontal 
line ; the curve described by a point in the circumference is 

the cycloid. Find the equations — = l-r j , and 



(61.) Ascertain the loci of the transcendental equations 

(1) y = a?*4-cosd?v —1, 

(2) y = ir2±\/l -a sector. 

{(^2,) Show that, in curves referred to polar co-ordinates, 

8 being the length of the spiral, :77:=— Investigate the 

aa p' 

equation between r and Q when p^=. > and between 

p and r when r:=^a sinn6. 

(63.) If a, and h, be two conjugate diameters of an ellipse. 
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(j> the angle they make with each other, and — = — \- ^ =-^ 

the polar equation to the ellipse referred to the centre ; 
prove that a^-^-b^sza^-^-P, and a,&,=:a^ coeec^ 

(64.) Trace the curve, whose equation is ay^=zafi—bar^, 
and determine the number and nature of its singular points. 

(65.) Let BAG be a parabola, A the vertex, and BC the 
latus rectum; in BC take M and iV equidistant from B and C, 
draw MB and N£ perpendicular to BC, to meet the curve 
in D and H, draw CD cutting I^H in F. Determine the 
equation to the locus of F, and trace the curve. 

(66.) A straight line DAE, at right-angles to the dia- 
meter ACB of a circle, moves, parallel to DAE, along the 
diameter, whilst a line which at first lies on the radius CA, 
revolves with a uniform angular motion about C, intersectrng 
the other moving line in F ; show that the equation to the 

curve traced out by -P is y=(a— a?)«tan— ; that the curve, 

which is the quadratrix of Dinostratus^ has an infinite 
number of infinite branches intersecting the axis of x, and 
that the moving parallel is an asymptote to two infinite 
branches. Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a— 5, vibrates in a hollow 
hemisphere, whose radius is a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere ; determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit the polar equa- 
tion. 
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CHAPTER XV. 

CUKVATURE OP CUBVED LINES. RADIUS OP CURVATUKE. 
EVOLUTES. 

Rectomgvla/r C(H>rdincUe8, 
K the equation to the osculating circle, or circle of curva- 
ture, be i22=(a?— a)2+(y— ^)2, and if j» be put for -^> and 

q for -j^* R being considered positive when the curve is 
aar 

concave to the axis of a, and negative when the curve is 

convex; then 

a and j3, being the co-ordinates of the centre of the radius o^ 
curvature,* are the co-ordinates of the evolute of the curve. 
If M=:0 be the equation to the curve, 



ldu\^ d^u du du d^u /du\^ d^u 
1 ^\dy/ dal^ dx dy docdy \dx) dy^ 
^"" (/du\^ /duv\i 



The middle term of the numerator in this expression 
vanishes when the value of t« is the sum of two parts, one 
involving x and the other y. 

The distance from a point in the curve to the intersection 
of two consecutive normals is the radius of curvature at that 
point. 

The normal to the curve is the tangent to the evolute. 
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Fola/r Co-ordmate8» 

If i^ be the radius of curvature as before, r the radius 
vector, the angle traced out by r, and/? the perpendicular 
upon the tangent, 

dr_ \ ^d«^) 

"^ difl ''de^ 



dr' 
ri 



The semi-chord=^ -j-= 






To find the equation to the evolute to a spiral ; r and/? 
being taken as co-ordinates of the involute, r, and /?, as cor- 
responding co-ordinates of the evolute, we must eliminate 
a, r and p from the four equations 

Ex. (1.) To determine the radius of curvatvye at any 
point in the common parabola. 

y^=^ma}, the equation to the curve, 

2y-=4m, - P^Tx^^' 

d^y ^ 2m dy 2m 2m 4w^ 
^^ dx^~~ y^ dx" y^ y" ^* 
1 a-rj2— 1 , ^vr^ _^'nfi •\' y^ _ ^m^ ■\- ^mx 
y^~' y^ '^ y^ 
. j>33 {l+p^i ^ {^m{m+x)}i y»^ 2{m^x)i 
'' q f *4m2 ^i 

Since this expression for the radius of curvature diminiahes ' 
as X diminishes^ B is least when ^s:0, and then JR=:2m i 
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= half the latus rectum ; hence in the parabola the point of 
greatest curvature is the vertex. 

(2.) The equation to the rectangular hyperbola, referred 
to its asymptotes is xy^m^ ; find the radius of curvature. 
dy . -. dy irfl nfi 

*i+^=<»' ^i=-T' '-'P—^' 

_d^y _ 2m^x _^nfi 
^'"^'" a^ " a?" 

l+;,2=l+-j=_j_=— ^^=— 5-, 

(3.) If the equation to a circle be ^— a(;r--^)+y^=0 ; 

find the radius of curvature. 

dv 
y^+ay=ax—a?, (2y+a)^=a— 2«, 

_ a—2x ^_ (a-2j!y 

1 4.^- 1 ,(«-2^)'_ («+2y)''+(«-2x)^ 

■*'^~ "^(a+2y)2- (a+2y)» 

-2(a+2y)-2(a-2.).;> -^("+^y)-^<--^'')'Sfe 
*- (a+2j.)2 - (a+2y)2 

_ _ 2{(a+2y)»+(a-2;.)g} 
•• ^- . (a+2y)« 
Nov J?=_ (l+P^* ^ {(«+2y)''+(a-2;g)»}* 
q 2{(a+2y)2+(a-2«)2} 

2 2 2*' 

(4.) Find the radius of curvatnre to the hyperbola> and 
determine the equation to its evolute. 
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132 RADIUS OP CUBTATTTBE, 

y^=-2 (^—fl^, the equation to the curve, 
"^ dx a^ ^ dx a^y ^ a^y^ 

_d^y_ c?y}^'-'}^x^a^p^^ " ^""^Ify _ €?l^f-' lAx^ 
^ da^ aV ■" aV ~ «*y^ 

a* 
Hence i?=- +/>^* ^ («'^+t'^-«^)^ (^-a')* 

ssi . — ^=:radius of curvature. 

ab 

To find the equation to the evolute. 
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*/3 y2_ m* 



^-a=-j>(y-/3)=-^. ^^ ft2 . ^ =-^(^^-«') 

=^ r' .*. asr:-,-^'** -5=-:5' "^'"a^* 

... (6^)»-(aa)*=-(a«)*=-(aV)*=-(a?+t2)#. 

.*. (aa)^— (6/3)4= (a2+J2^l the equation to the evolute. 

(5.) Show that, in the catenary, the radius is equal but 

opposite to the normaL 

a ? -? 
y=~(^«-|-^ «), the equation to the curve, 






l+f^=l + i 4 =(-1-) =^- 



_<iV_2^_% 



^-i,^ 
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134 BADIUS OF OVBTATUBE, 

But the normal N=y /\J \ +^=5f vT|=p=y.|= 4-^ • 

Hence the radius of curvature is equal but opposite to the 
normaL 

(6.) Determine the radius of curvature and the evolute 
of the cycloid. 

Let^iV^=^, NP=y, CD^2a, 

-=versin — — ^* the equation to the curve. 

a « 




dy ^/1a—y „ ^a 

^ dx ^ y 

V 
d^y_ 2a dy . _^^ 

^^d^-^^'fTx -^-^ y^ 

Hence i.= ^ (l±£l*=(^f .^=2^. 
q \y f a 

Now CF^^CE^+SF^=GE^'^CE^ED-f-Vy{2a'-y), 
. Q^— \^2ayy /. -R=2(7F=radius of curvature. 

To find the equation to the evolute, 

^ ^ q y a 

Vy 
:. a=^+2V'2«y-^. 
Substituting these values of a and /3 for the co-ordinates 
in the equation to the curve, we have 

/3 . a~V->2ai8~/3^ ,,. 

— -=versm • \}) 

a a 
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Taking GA^z=:CD, and A,B„ parallel to AB^ as the axis of 
the ahfldssae, and substituting /3.— 2a for j3, and ^ra— a, for a, 
ira being equal to AC; the origin will be transferred to A,, 
and equation (1) will become 

= veraui|?r — 
a 

/. — =versin-i — — ^--> V 2— versii=vers(ir— il). 

a a ^ ' 

And V A^,^=oi„ and i^,P,=:/3,, this equation to the evo- 
lute is the equation to another cycloid originating at^,, and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 

(7.) Show that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance; and find the length of the evolute in terms of 
the focal distance and the distance between the focus and 
vertex. 

Let the focal distance SF=r, the per- 
pendicular from the focus upon the f^ 
tangent, SY=zp, and DS =2 SA =2 a=^c. 

Then, by a property of the parabola^ SY^=iSP-SA, 

^2 ^ dr 2 dp c 

Chord =2».— =-^=-.— =4r=4AS'P. 
'^ dp c c 2 

Again, ^=:iaXy the equation to the curve, 

dy 2a , 4a2 

dx y tr 

1 -L^-1 . 4a^_^ 4a2-hy2 _ 4a(a-h^) 
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136 BADIUB OF CUBYATUBE, 

^-db^-" f"di FT""""?"' 

2^pf 

Hence, length of evolute #=-R— c= -—2SA 

SA* 

_ 2(SPiSAi) 

The form of the evolute, which is a semi-cabical parabola, 
is represented in the figure, by the lines ev, ev^ 

(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 
of curvature. 

r=:aO, the equation to the curve, 

-7-= a. But -r-= £-. 

do dd p 

B„t ^=^+a^ .•.^=;^' ^=14W 
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^ dp ^ 2r(2r*— /»2) r(2r»— j»*) 






Andy comparing this value of the chord with the value 
of the radius of curvature, already determined, it appears 
that radius = chord if (r2+a2)t=r2r(r2+a2), or 

(9.) To find the radius of curvature in the semi-cubical 
parabola. 

2ar3 
^2=— — , the equation to the curve, 

^ dy "loD^ . dy x^ 

"^ dx a ^ ax ay 

a^ __ a^y^'{'X^ _ 2ax»+3a^ 
1+P-1 + — 5- aV ■" 3aV ' 

^d^y_^2axy-^ax^'P ^ ^ ay 

_ 2axy^^x^ _ 3 _ 4;p^-3^ _ ^ 

■" aY ~ a2y3 - 3^2^ ""3aV' 

Now i?=- <1±^*=- (2ffLj^)*.!^ 

{2a+Sx)ixi ZaY_ {2a+3x)ixi 

"" 3*a8j^ * ^ " 3*a 
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(10.) Find the radius of curvature and chord of curvature 
in the cardioid. 

r =a (1 -f cos B), the equation to the curve, 



dr 

do 



= — asmt 



do 



1 



P ^ 



dr 

1 



asiati 



But ^=^^==. 
dr rvr^—p^ 

1 1 



But V «cosd=r— a, a^co&^6=:t^^2ar+a^, 

••• ^^^Y^=^ -r>=a»-(r2-2«r+«2), 

T^ dr T^ 

i^ ^ rfjp ^ v/2ar 

„ ^ dr 2x2ar 2 /-— 

Hence jR=r« — = — 7-=:=-v2an 

dp iy2ar 3 

Chord = 2^.-=2;,.3^=2.3^.^=2^.-=^r. 

(11.) If -ff and 7?, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 

meters; show that i?t+i?,t= a/ — + a/ — . 

Let Pp, Qq be two diameters, then if the 
tangent at Q be parallel to Pp, or if the tan- 
gent at P be parallel to Qq, they will be con- 
jugate diameters. 

LetCP=r, JLPCA.^By CQ-r,, LQGAz^f^, 

(1) 21og;?=loga2i»2-log(a2+52-r2)^ 

2 <^_ 2r 1 </y jP 




/? dr a^-\-l)^ — r^ 



r dr a^-^-b^ — r^ 
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dp p ' ab 

~ ab 
dr, (a»+6'-r,')^ 
dp, a6 

{ab)i (ab)i 

Hence E^+M,i=J^^l—2. 

But since, in an ellipse, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)2 + (2^)2=(2r)2+(2r,)2, 

- o a2+&2 a* hi ' /^ . ^ A* 

The form of the evolute of an ellipse is represented in the 
figure. 

(12.) Find the equation to the evolute of the logarithmic 
curve. 

y=a6!«, the equation to the curve, 

^y l^ 1 y (i2y 1^^ 1 ^ ^ 

^ dx a a dar a dx a a a^ 

•Now y—B= '—= T -= » 

^ ^ q a^ y y 

^-F+ih— 16— ' ••^- — i — 
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^ da, iy ^ da 

dji dx a ^ dfi 

da i3±(/32-8a2)*. ^, ^. ^ ^t. 

. . — « -73=- ^^-"1 ^ M tl^« equation to the evolute. 

dp 4 

(13.) K 2> be the point of intersection of the directrix and 
axis of fche common parabola, and FN, QM 
be ordinates of corresponding points in the pa- 
rabola and its evolute; show that DM^ZDN, ^ 

The evolute of the common parabola is the 
semicubical parabola. 

The normal to the curve is the tangent to the evolute. 
5^=?4<Mr, the equation to the commcxi parabola, 

4 
/32=— -(a— 2a)^, semicubical parabola, 

y, — y = — -T- (^1 ^^), equation to the normal, 

y , y , y . «+2« 

Let y=:0, then ^,=;r+2(i, the part cut off from the axis 
of X by the normal to the curve. 

Again 21og/3=log^+31og(«-2«), 2|i=3.^, 

.'. a— /3;;t^= — 5 — > the part cut off from the axis of a? by 
dp «5 

the tangent to the evolute. 

Hence «-|-2a= — r — > 3a?+6a=a-|-4<i, 

.-. 3^=:a— 2a. 
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But D^=ia+x, ar=2>ir— a, 
DMz=a + a, a=2>if— a, 
.-. 2>if-.3a=3Z)iyr-3a, 



141 
3a?=32>ir-3a, 
a— 2a=i)Jf— 3a. 



(14.) In an ellipse, e being the eccentricity, determine 
the radius of curvature in terms of the angle made hj the 
normal with the major axis. 



Normal PG 



=y/\/ 



1 + 






SinP^ir=sin0=5|=-^^, 




.. sm0=- 



Now y=- Vd^—a^y 
a 



1 

the equation to the ellipse. 



1+^=1+ 



dx" a ^ai^s^ 



h^x^ 



_ a*-^(a^^h^xi ^ a^-^ehP ^ 



a2(a2-a;2) a2(a2-a?2) a^-sc^ 



and q= - 



Hence' i?=-<l±^*=<^!^. (1) 

q ba ^ 

Now sin2^="= 2^"1 — ^Xa' a^WQ?<l>^e^a>haji^<l»=a^—aP, 

^^_ aV(l-am'») 

*^«v — — = o": — 5 f 



1 — e^sin^^ 1 — e2giii2^ 
and, substituting this value o£a^—£^a? in equation (1), 
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(15.) An inextensible cord AB is atiached to a stone 
at B, and a person holding the other extremity of the cord, 
moves with it at right-angles to AB nniformly along the 
straight line AC ; it is required to determine the equation 
to the curve described by the stone, and to find its evolute. 

Let the person be supposed to move in the direction AC 
untn he arrives at any point T^ while the 
stone moves along the curve BF ; the cord 
wiU then be in the position FT, and since up 
to this moment the stone has never been so 
near to the line AC as it now is, the line FT produced 
would not cut the curve BF j hence FT, or the cord in any 
position, is a tangent to the curve. 

JjetAI^=zx, NP^yy AB—a] then 

SubtaDgentirr=y^» and NT^z=,FT'^--NF^, or 

y2 LjA =a2—y2, ;. y — = ± v^a^— y^, the equation 

required. 

Hence the curve is the tractory, and -4(7 is its directrix. 

1+— -^=a, 

a form in which it is frequently given. 

/dx\^ 1 a2 
To determine the evolute ; (~j =-^=:— —1, 
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a =05— V a^— y^, 



(^aj c?^)f^ 



da dx da yv^a^—y^ ^2 ^ 



v^ 



i4 



2-1- 



/32_ a^/^^_ y/JF' 



a^ 



J 

the equation to the evolute. Hence the evolute to the 
tractrix is the catenary. 

(16.) The equation to a circle being y=(a2—a^^ j prove 
that the radius of curvature equals a. 

(17.) "-2+^=1 being the equation to the ellipse; show 

that the radius of curvature is ^ ; — ^> where the eccen- 

ab 

tn<aty ^= • 

a? 
(18.) In the cubical parabola, whose equation is y=-—^> 

(a^4-aj*)* 
show that the radius of curvature is — ^ . • 

(19.) Prove that in the circle, parabola, ellipse, upd hy- 
perbola, or in any plane curve whose equation is of the 
second degree, 4he radius of curvature varies as the cube of 
the normal. 
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(20.) The equation to the rectangular hyperbola is 
y2 — . 332 ^ ^2 — j show that the radius of curvature is 

^ s — ^9 and that the equation to its evolute is 

a»-/3*=(2a)». 

(21.) Determine the radius of curvature to the curve 

called the tractrix, the equation being y=-^- v?— ^. 

y 

(22.) The polar equation to the lemniscata of Bemouilli 

a2 
is r^=a2cos2 6 ; show that the radius of curvature is 5— • 

or 

(23.) Prove that the length of the arc of the evolute in- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii. 

(24.) Show that in the common parabola, whose equation 
is y^=4:ax, the radius ot curvature is greatest .at the vertex, 
that the radius of curvature at that point is half the latus 
rectum, and determine the equation to the evolute. 

(25.) If iV be the normal and JR the radius of curvature 
to a point in the ellipse ; prove that i\r*a24-i?M=0. 

(26.) r=—p=. being the equation to the lituus ; show that 

the radius of curvature is ^ .>., -; — ^* 
2a^(4a'* — r*) 

(27.) If r=/(0), find an expression for the radius of cur- 
vature, that is, prove that 



i?=.^= V -dff'f 



i^+P' 
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(28.) The equation to the logarithmic or equiangular spiral, 
referred to p and r, is /?=mr ; show that the radius of cur- 
vature is -^) and that to this spiral the e volute is a similar 
spiral. 

(29.) ^+-72 = 1 being the equation to the ellipse ; show 

that the equation to ita evolute is {aa)i-\'{hli)iz=i{a^---lp)iy 
and exhibit its form and position with respect to the centre 
of the ellipse. 

(30.) In the hyperbola, the focus being considered as the 
pole, the length of the perpendicular on the tangent is 

r: show that the chord of curvature throu£;h the 

(2a+r)* ^ 

. . 2r(2 a-fr) 

focus 18 ^ '• 

a 

(31.) The equation between p and r in the epicycloid 
is (c^— o^j5*=c2(r'— a^; prove that the radius of curvature 

iBlv/(c2-.a2)(r2-a2). 

(32.) The equation to the involijfje of the circle is 
tf0+asec~M-)=(r2— a^^; prove that its radius of curva- 
ture is p, and that its evolute is a circle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is afi-\-yi=^ai ] 
show -that the equation to its evolute is 

(a+/})»+(a-/3)»=2a». 

(34.) Eeferring to example 22, and letting R and E, re- 
spectively represent the radii of curvature at the extremities 
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of the major and minor axes of an ellipse, prove that the 

length of the evolute is 4 ( -y 1 • 

(35.) JR being the radius of curvature, and s the length of 

an arc of a plane curve : show that 7?= ib - — rr-* 
^ dxdy 

(36.) Considering the earth to be an oblate spheroid, or 

ellipsoid, 2 a its equatorial and 2 & its polar diameter, m and m, 

respectively the lengths of an arc of P of a meridian in 

two given latitudes X and X., and considering these lengths 

to coincide with the osculating circles through their middle 

points ; show, by reference to Ex. 14, that the 

equatorial diameter : polar diameter 

:: {m^sin^X— WjSsrn^X,}^ : {m.^cos^X,— m^cos^X}*. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let AF be a parabola^ F any point in the curve, 
draw the tangent FT, and the normal FG ; through T, the 
point in which the tangent intersects the axis of abscissae, 
draw TQ at right-angles to that axis, produce FG to meet 
TQ in Q J prove thai the radius of curvature at P is equal 
to GQ, and show the centre of the osculating circle. 

(39.) The equation to a curve being 05— sec2y=0 ; show 

that - = 2a5(a52— 1)* and that the radius of curvature 

P 
. (2a^-l)2 
4aj 
(40.) If, in the common parabola, a point, determined 
by a;=:3a, be taken; show that the part of the radius of 
curvature below the axis of a; is 12 a. 
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(41.) K ds represent the small arc between two points 
{x, y), (x-^-dsCy y+dy\ in a curve, and J? the radius of cur- 
vature, investigate a general expression for that radius, 
whatever be the independent variable ; that is, prove that 

dg^ 
R:=z—-- t and thence deduce expressions for B 

when X, y and n be severally taken as the independent 
variable. 

(42.) Show that, if an inextensible thread were applied 
to the evolute of a curve, and were to be gradually unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either 
.a maximum or a minimum, the contact is of the third order. 



CHAPTER XVI. 

ENVELOPES TO LINES AND SUBFACES. 

Considering the evolute to a curve to be generated by the 
ultimate intersections of consecutive normals, the evolute is 
their envelope. 

If /(ic, y, a)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a 
undergoes an infinitely small variation so as to become dcL, 
the problem of finding the equation to the envelope resolves 
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itself into that of finding an equation inyolving x, y and 
constant quantities only, ol being eliminated between the 
equations /(a^ y, <z)=iO, and/(aj, y, a-|-flfa)=0. 

If there are several equations of condition involTing the 
parameter, it is expedient to have recourse to the method of 
indeterminate multipliers, as in example 2. 

This method of finding envelopes maj be applied to the 
determining of the equation to the evolute of a curve. 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the ellipticities alone 
being variable ; find the equation to the curve which wiU 
touch all the ellipses. 

Let the constant rectangle a&=m2, 

7? y^ 

-:7+^=l, the equation to the ellipse. 

Here, a and h being variable, we must consider x^ y and m 
constant, and differentiate with respect to a and 5. 

a* 5* ' da ' h^'lir a«' ^da SV 



«V 



dh ^ ^ dh h 

da da a 



-1^-1 






.'. 2a^=;a6=:m2, the equation to a rectangular hyperbola 
referred to its asymptotes. 

(2.) A straight line, whose length is /, slides down be- 
tween two rectangular axes x and y ; find the equation to 

Digitized by VjW*^V lA^ 



LIKBS AND SURFACES. 149 

the envelope of the line in all its positions, that is to the 

curve to which the line is always a tangent. 

Let a and h be the variable intercepts of the line on the 

axes, then 

X y 

— hT=l> the equation to the line, 

a 

a2^52—/2. Euc. b. L p. 47. 

Now, a and h being variable, we must differentiate consi- 
dering X, y and I constant. 

2a^-|-2&=0, a(to + W6=0. ... (2) 

do 

Multiply (2) by the indeterminate multiplier X . 

\ada + \hdh = 0. Add equation (1). 

(J+X«)rf«+(^+X6)rf6=0. 

X y 

Assume -7r+Xa=0, and -f^+Xi=:0, then 

a* tr 



*+Xa2=0 
a 

|+X52=0 





.•.^+f+X(a2+ft^=0, or 



1 X 



79 * X a y 

1 = -X^, /. X=- ^» •'•■^=Z2' "62=^2' 

.-. a^l*ai, h^^liyi, a2+62=rt(a#+5^)=Z2. 

Hence a^+yt=:rf, the equation to the locus of the ulti- 
mate intersections of the Ime^ 

(3.) To determine the curve whose tangent cuts off from 
the axes a constant area. 
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First, if the axes be rectangolar, let a and b be the vari- 
able parts cut off, and fn^=:the constant area. 

— l-j=l, the equation to the line, . . (1) 

— =7n2 the area. .... (2) 

Now, differentiating with respect to the variables a and b, 
considering w, y and m constant, we have ^m (1) 

X y db ^ db h^x , ^ 

^+F-5S=«' •'■Ta = -^' and from (2) 

2m2 . db_ 2m2 

"~" a " d4r~ a^ 

Px 2m2 _ 2m2y ^ -/2 . w v^ 
Hence .-^=— ^^-i 6'ss-- — ^t 6= r= — ^. 

2»w2 ^ _ Va \/2m >/« 

«= =2ni2.-— : -=.=: pzz 

b V 2 • m V y V y 

.. — I — =a5«— T= r=:-f-y«— -;= 7::= y=z'i 7==1, 

a b v2mvx v2mvy w v 2 w v 2 



.*. 2^/xy^mv2, \/ajy=— t=:> asy= — > 

v:J 2 



^' 

the equation to a rectangular hyperbola^ whose asymptotes 
are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 
any angle a, a and b being the parts cut of^ and m^ the 
area; then 

a6 since „ , 2m^ 1 db 2fn^ 1 

2 sma a da sina a^ 

Also -T-= 5— as m the first case. 

da ahf 
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Hence -—-=--.: — , 5^= — r^, 6= ^ .-= g=> 
a^y a-'sma a;3ina v«v sina 

&sina A/2mV^v^gdna v^y-v/sina 

a? v^^ccvyVsina y vx -v/ sina __2 v^ojy sina_ - 
a h v2m v» V 2w vy my/2 

wi^ . # 

.*. x^=z-^—. — J the equation to a hyperbola whose asymp- 
totes are the oblique axes Ax, Ay, 





(4.) Determine the equation to the curve which touches 
all the curves included under the equation 

y=a?tan6— yr ^Ia *^® variable being %, 

Differentiating with respect to 0, considering ar, y and h 
constant, 

^__ 1 SAd^cosOsin^ 1 — ^ ^^ 

"~^*cos2^ 16A2co84(^ ""2A! cose' 

iT or Or 

... cos2e=.,r^' 4)i cos2e=- ^^"^ 



V + 4A2 4?2 + 4A2' 

5— ^•^rr::5-=7T+^. 



i^cos^e 4A^2 -4^ 

0^ 00^ 

Hence y==2A— jr — A=A— jj» the equation required. 
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H, in this problem, we consider h to vary as well as 6, 
and if some constant area m^=/^^sin^9 cos 9 ; then we have 

y=^tane~ ^ , ■» (1) and h^ , ^ , >.>(2) 
4Acos2d 8m*6cos*6 

4mcos^e 4mcosifl 



siniOcos^O 

,\ v=^ata3iO— ' — tantO. 
4w 

Differentiating with respect to d, considering x, y and m 

constant, 

0=arsec2e~ -5— ^tan^a-sec^e, -^tan*e=l, 

4m 2 8m 

tanie=— , tane=-^, tant6=-^^. 

Whence by substitution in (1) we have 

64m2 c? 512m8 64m2 128^2 



y- 



9a? 4m 27a?2 Qa? 27a? 

192m2-128m2 64m2 /4\» 



xy 



=(i) 



27a? 274? 

(5.) Two diameters of a circle intersect at right-angles ; 
find the locus of the intersections of the chords joining the 
extremities of the diameters, while the diameters perform a 
complete revolution. 

Let AB^ ^6 be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the 
origin of co-ordinates, T'=.AF the line joining | 
the origin and point of intersection of the 
chords. Then 



AF r . „,„ . ,^, 1 
---= -=sm^^P=sm45**=-7=:> 
AB a -v/2 
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Now, this problem is the same as that of determining the 
curve to which the chord at its middle point shall be con- 
stantly a tangent ; and y = mx -f- r vm^-j-l is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 

Differentiating this equation with respect to w, consider- 
ing X, y, and r constant, 

m vm^+l r w^+l r^ 



0=x+r 



— > 



-/mHl ^ ^ 






m24-l=-5^+l = - '^ 



<l>2 ««2 ^2^_4i>2 - 

Hence y= . j — ^^ = . - ^- =Vr^~jg2, 

ir2-{-y2--:y2— , tjje equation to a circle, whose radius 

d 

is — r=» and whose centre coincides with that of the original 

v2 

circle. 

(6.) If(a7-a)2-|.(y-*)2+^2-:y2^ and a2^62=:e2 ; deter- 
mine the equation to the envelope of the system of spheres 
defined by these two equations. 

Differentiating with regard to a and 6, considering x, y, z 
and c constant, we have, 

Digitized by Google 



154 BNVELOPISS TO 

Multiplying the last equation by the indeterminate multi- 
plier X, and adding, we have 

:, Xa+a?— a=0, ...(1) Xft+y-ft=0, ...(2) ; whence by 
eliminating X we have -=t> 

AgMn (1) Xa?+«a?-a2=0, (2) X2^+6y-52=0, 

.-. X(a2+«'^+flw?+&y-(aH^=0, • 

. X=l-^5^, ...(3) vaH^=c2. 

But a^+5y=— +— =(a2+ft^- ••-^^=a- 

Also ^+^=_+-^=(a2+ft2)_, .. — ;— =^. 

Hence x=l + ^-^±^. Substituting in (1), (2), 

c 

a±-(«3+y2)*=-(«-a), J±-(«2+ya)»=-(y-6), 

=(«-a)2+(y-6)2, or 

.*. as^+y +«*±2c (a?+y2)*=r2— c2 is the eqnatiom to the 
envelope of the systein of spheres. 

(7.) Two straight lines fi and v, of variable length, are 
drawn at right-angles to the axis of x, one of them v passing 
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through the origin of co-ordinates : now if they vary in such 
a manner that the rectangle contained by them is a constant 
quantity equal to h^ ; determine the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

LetAB^r, jBC=/i, AB=2a, AN=Xy J^F=y. Then 
BG-AD=fiy=b^. 

PN_BO_AD 
TN^TB^AT' ^^ 

_y \i 




AT -\- x' AT -^-'la AT 
:.y*AT=v^AT^vx, and y.^r-|-2ay=/x.^r-|-/x4:, 
{y^v)ATz:zvx, {y-^)AT=:^-2ay, 

AT^^:^. AT^^J^:=^. 

y—y y—H- 

Hence =C1_^— £, .-. ^ ,o =— -> or 

y-y y-fi b^ y-fi 

— ^=^-- -9 or u?x^u'2ay'^b^(x—2a), 

fjty-t^ y-fi 

where /z alone is to be considered variable. 

Differentiating with respect to /x, we have 

ay „ cfiy^ 

2fia:=z2ay, '"• ^="7' ^ "^* 

€t y 2(1 ii 
Hence, by substitution, — ^ = — ^ -\-b^(x—2 a), 

X X 

aV=62(2aa?-«2), or 

52 
y^=i-^{2<ix—aP), the equation to an ellipse, referred to 

the vertex. 
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(8.) If ft series of parabolas be included under the equa- 
tion y^z=a{a—a)y a being tbe variable parameter; show 
that tbej will all be touched by the two straight lines de- 
termined by the equations y=+-iP, y= — -ar, and draw 

these lines. 

(9.) Show how the method of determining envelopes may 
be applied to finding the evolute of a curve, and apply it to 
determine the evolute of the ellipse, whose equation, re- 

ferred to the centre, is —^-^--^=1. 
or 0^ 

Equation to evolute (aa)*+(^/5)*=(<i^— ^*- 

(lOi) Prove that the curve which touches all the straight 

lines determined by the equation y^zax-] > where a is 

variable, is the common parabola. 

(11.) A system of ellipses^ with coincident but variable 
axes, is subject to the condition that a^-h&^=m^, a and b 
being the major and minor axes; determine the curve which 
shall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a con- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 

y=<Mr— (l-l-a^)— > a being the variable parameter. Show 

that the curve which will touch all these parabolas is itself 

a parabola whose equation is y=(;— — • 

(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem " to deter- 
mine the equation to the envelope " is the inverse of the 
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problem ^^ to determine the equation to a tangent to a 
curve." 

(14.) If /?, be a perpendicular of constant length from the 
origin upon the straight lines defined by y=ad?+p, {a^-j- 1)^; 
show that the envelope of all these lines is a circle whose 
radius is/>,. 

(15.) If a surface be produced by the continued intersec- 

it y z 
tion of planes represented by the equation — hyH — =^> 

a c 

where ahc=m^ ; a^ h, c being Tariable, and m^ constant ; 
prove that the equation to the sur&ce is ayz=^ (-^\ • 

(16.) A straight line, cutting from two straight lines 
which meet in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola, and 
trace it. 

(17.) If on one side of a horizontal straight line AE an in- 
defiiute number of parabolas of equal area be described from 
a common point A, with their axes perpendicular to AE, 
the equation to this system of parabolas is ay=:2a^aia—ofi, 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 

a?y=-53 a^, AB and a perpendicular to it from A being its 

asymptotic axes. 
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158 
CHAPTER XVIL 

MISCELLANEOUS EXERCISES. 

(1.) Prove the ordinary rules for differentiation. 

(2.) Explain the difference between explicit and implicit 
fiinctions. 

(3.) Define and illustrate the terms ''limit," ''differen- 
tial," " differential coefficient." 

(4.) Explain the difference between algebraic and trans- 
cendental functions. 

(5.) Investigate the differentials of t«=:sina?, u=ntand, 
«=«', ii=log^. 

(6.) Prove Taylor's Theorem, and from it deduce Stirling's 
or Maclaurin's Theorem, and the Binomial Theorem of 
Newton. 

(7.) If yzs^'sina?; show, by means of the theorem of 

Leibnitz, that -7-^=2^ ^'sin (iP-fn^)* 

(8.) In what manner may the value of a fraction be 
determined when its numerator and denominator vanish 
simultaneously % 

(9.) If w=/(a?) ; show that « is a maximum or minimum 
when an odd number of differential coefficients becoming =0, 
the differential coefficient of the next succeeding order is 
negative or positive. 

(10.) Deduce the equation to a straight line, y=:fnx-\-b, 
and show that the equation to a perpendicular to it is 
1 
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(11.) Show that the equation to a straight line^ which 
intersects the axis of or at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 

ongin, is^+-=l. 
a 

(12.) Show that the equation to a tangent to a curve, re- 
ferred to rectangular co-ordinates, is (y,— y)=~- (^,— a:). 

ax 

(13.) If -4 7^ and -4Z> be the intercepts of the tangent on 

dx 

the axes of x and y respectively ; prove that AT=y- x, 

ay 

dy 
and AD^^y — x-Y-y and determine the equation to the 
dx 

normal. 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 
gent, and the tangent of the angle which the tangent makes 
with a line from the origin. 

(15.) If u=f{x,y); prove that du^zl—jdx-^l^jdy, 

J . , . d^u d^u 
and that —. — —=^- — —> 
dydx dxdy 

(16.) l£u=:f(y, z), where y, z, and consequently u, are 
functions of ^ j show that du=z ( — | dy-\- l-rA dz, 

(17.) Determine the conditions upon which a function of 
two independent variables is a maximum or minimum. 

(18.) Determine the differential expression for the area of 

dp 
a plane curve, and if * be the length, and j^=/> j prove 
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(19.) If aS' be ike surface and V the roltune of a solid 
generated by the revolntion of a carve round its axis ; show 

that^=T/, and ^=2Ty2(l-f/?2)i. 

(20.) If r and r, be the radii of the greater and smaller 
ends of the frustrum of a right cone, and a the slant height; 
prove that the area of the frustrum is ira {r+r). 

(21.) If r be the radius vector, p the perpendicular on 
the tangent, and the angle swept out by the revolution of r 

round the pole S; show that ~5*=**^+ (;j^) > ^^gt^ «=-; 

^ , dd p 

and that — ss ~ j« 

dr r (r^ —p^)^ 

(22.) If in polar curves p be the length of the perpendi- 
cular upon the tangent ; find the value of jt? in the circle, 
parabola, ellipse, and hyperbola. 

(23.) Define the rectilinear asymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 

points of contraiy flexure, and show that a curve is concave 

d^v 
or convex to the axis according as y and -7^ have the same 

or different signs. 

(25.) Prove that, in spirals, the curve is concave or convex 

towards the pole, according as -/- is positive or negative. 

(26,) If ^ be the area^ and s the length of a plane curve ; 

^. ^dA ^dA l^ ds ^ / o . /dr\^ 

prove that ^=y, and ^=^.^, 55=V^+(rf6) 

- ds r 

and -5r= ;• 

dr (r2-p2)i 
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dr 



(27.) Prove tliat, in spirals, the subtangent = r^ 



_ pr 



and show how to draw the asymptote to a 



spiral 

(28.) Explain what is meant by the osculating circle; 
and show that the evolutes of all algebraic curves are recti- 
ficable. 

(29.) Explain the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 

(30.) Explain the difference between Taylor's and Mac- 
laurin's Theorems, and point out the circumstances under 
which the former sometimes &ils. 

(31.) Investigate Lagrange's* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation ^ = ay -f fty^ + c^* + d^ + &c. 

(32.) Apply Lagrange's Theorem to the determination 
of the four first terms of the development of y*", when 
y=a-}-a?y*; and find the general term in the expansion of 

^^^ in a series of powera of cos0, when x-\ — =2 cosd. 

X 

(33.) If «=^ - [x^ -y) .^. s being the inde- 

* If y=z + a;^(y), and if tt=/(y), /and being any functions what- 
ever, then 



p2 
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pendent vaxiable ; show that, when x becomes cos0, and Q is 
made the independent yariable^ •*'=("j^+y) cosec^^- 

(34.) Explain exactly the mode in which the following 
curves are generated, constmct them, and thence derive 
their equations : namely, the dicle, parabola, ellipse, hyper- 
bola, cissoid of Diocles, conchoid of Nicomedes (superior and 
inferior), cycloid, epicycloid, lemniscata of Bemouilli, quadra- 
trix of Dinostratus, involute of the circle, catenary, tractory, 
elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
sectrix, logarithmic or equiangular spiral, spiral of Archi- 
medes, hyperbolic or reciprocal spiral, lituus, parabolic 
spiraL 

(35.) Show what kind of curves are included under the 
equations ^= ma? -fna?^, r=asinn0, r=acosd-|-5, r-^aQ^, 
r=a sinn B-^h sannfl -h c sin n„d -f &c. respectively. 
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